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7KH 6WXGLR IRU 6FLHQWLࡼF ,PDJLQJ DQG $UFKLYLQJ RI &XOWXUDO +HULWDJH DW 5,7 KDV EXLOW DQ LPDJ
LQJ V\VWHP FDSDEOH RI DFFXUDWHO\ PHDVXULQJ WKH VSHFWUDO SURSHUWLHV RI DUWZRUN 7R VXSSRUW WKLV
LPDJLQJ V\VWHP FRPSOH[ VRIWZDUH WRROV KDYH EHHQ FUHDWHG WKDW DOORZ DQDO\VLV DQG VLPXODWLRQ
ZLWK WKH GDWD UHFRUGHG E\ WKLV LPDJLQJ V\VWHP DQ REVWDFOH WR GLVWULEXWLQJ GDWD IURP WKLV V\VWHP
WR EH DQDO\]HG E\ RWKHUV 7KH DUULYDO RI D QHZ FRORU PDQDJHPHQW VWDQGDUG LFF0$; LQ  KDV
PDGH VKDULQJ DQG XVLQJ FRPSOH[ LPDJLQJ GDWD PRUH SUDFWLFDO 7KH VWDQGDUG VXSSRUWV VSHFWUDO
GDWD DQG D H[LEOHࡽ SURࡼOH FRQQHFWLRQ VSDFH WKDW FDQ UHSUHVHQW PDQ\ GLಀHUHQW FRORU WUDQVIRUPV
LQFOXGLQJ FXVWRPL]DEOH WUDQVIRUPV WKURXJK D SURJUDPPDEOH FDOFXODWRU WRRO LFF0$; ZRXOG DO
ORZ VRPH RI WKH SURFHVVLQJ XVHG LQ WKH VSHFWUDO LPDJLQJ V\VWHP IRU DUWZRUN WR EH HPEHGGHG LQ
DQ ,&& FRORU PDQDJHPHQW SURࡼOH %XW WKH IRUPDW GRHV KDYH OLPLWDWLRQV DQG LV ODFNLQJ VXSSRUW
IRU VRPH PDWKHPDWLFDO WRROV XVHG E\ WKH VSHFWUDO LPDJLQJ V\VWHP
2QH WRROVHW FUHDWHG LQ0DWODE IRU WKH VSHFWUDO LPDJLQJ V\VWHP HQDEOHG WKH H[WUDFWLRQ RI SDLQW
FRQFHQWUDWLRQ UDWLRV IURP SDLQWLQJV D SUDFWLFH FDOOHG VXEWUDFWLYH XQPL[LQJ 7KLV SURFHVV UHOLHG
RQ QRQOLQHDU RSWLPL]DWLRQ URXWLQHV DQG DQDO\VLV RI PXOWLSOH SL[HOV VLPXOWDQHRXVO\ QHLWKHU RI
ZKLFK LFF0$; VXSSRUWV 7KLV ZRUN VHW RXW WR QGࡼ DQ HಀHFWLYHPHWKRG RI XVLQJ LFF0$; WR DFKLHYH
D VLPLODU UHVXOW WR WKH 0DWODE XQPL[LQJ SURFHVV $V D SDUW RI WKLV ZRUN PDQ\ PRGLࡼFDWLRQV WR
H[LVWLQJ XQPL[LQJ DOJRULWKPV ZHUH WHVWHG DQG D OLQHDU DOJRULWKP ZDV GHYHORSHG WKDW LV FDSDEOH
RI LGHQWLI\LQJ ZKLFK SDLQWV ZHUH XVHG LQ D PL[WXUH IURP D ODUJH VHW RI SRVVLEOH RSWLRQV DQG
DFFXUDWHO\ HVWLPDWLQJ WKH FRQFHQWUDWLRQV RI WKRVH SDLQWV DW HDFK ORFDWLRQ LQ D VSHFWUDO LPDJH
7KHPHWKRGRORJ\ XVHG E\ WKLV DOJRULWKP LV TXLWH VLPSOH LQ FRPSDULVRQ WR WKH SUHYLRXV XQPL[LQJ
ZRUNࡽRZ EXW WKH WZR KDYH VLPLODU DFFXUDF\ DQG FRQVLVWHQF\ DQG PRVW LPSRUWDQWO\ WKH QHZ
DOJRULWKP FDQ EH LPSOHPHQWHG ZLWKLQ DQ LFF0$; SURࡼOH
L
$&.12:/('*(0(176
, ZRXOG OLNH WR DFNQRZOHGJH WKH $QGUHZ: 0HOORQ )RXQGDWLRQ IRU SURYLGLQJ QDQFLDOࡼ VXS
SRUW IRU WKLV UHVHDUFK
, ZRXOG OLNH WR WKDQN P\ DGYLVRUV 'U 5R\ %HUQV DQG 'U 0DUN )DLUFKLOG IRU WKHLU JXLGDQFH
SDWLHQFH WHDFKLQJ DQG VXSSRUW IRU WKLV ZRUN
, ZRXOG OLNH WR WKDQN P\ IHOORZ VWXGHQWV 'U &KULV 7KRUVWHQVRQ <L[XDQ :DQJ 'U 1DUJHVV
+DVVDQL 'U %ULWWDQ\ &R[ DQG -RHO :LWZHU IRU WKHLU VXSSRUW DQG IULHQGVKLS DV ZH ZRUNHG WR
JHWKHU RQ IXUWKHULQJ RXU HGXFDWLRQ DQG , DP HVSHFLDOO\ JUDWHIXO WR 'U )DUKDG 0RJKDUHK $EHG
DQG 'U 0D[ 'HUKDN IRU WKHLU GLUHFW FRQWULEXWLRQV WR WKLV SURMHFW
,ȆP WKDQNIXO WR 'U 'DYH :\EOH DQG 'U 0LFKDHO 0XUGRFK IRU VKDULQJ WKHLU NQRZOHGJH DQG
H[SHUWLVH DQG WR 'U 6XVDQ )DUQDQG IRU EHLQJ DQ H[FHOOHQW WHDFKHU DQG IRU KHOSLQJ ZLWK WKLV
ZRUN ,ȆP DOVR WKDQNIXO WR 9DOHULH +HPLQN IRU KHU HQFRXUDJHPHQW DQG DVVLVWDQFH ZLWK DOO WKH
GHWDLOV RI JHWWLQJ WKURXJK JUDGXDWH VFKRRO
/DVWO\ , ZRXOG OLNH WR WKDQN P\ IDPLO\  6XH -LP *DLO /HLOD 9LFWRULD DQG 6DUD IRU DOZD\V
VXSSRUWLQJ PH
7$%/( 2) &217(176
$EVWUDFW                                            L
$FNQRZOHGJPHQWV                                       L
/LVW RI )LJXUHV                                         LY
/LVW RI 7DEOHV                                          YLL
&KDSWHU  ,QWURGXFWLRQ                                   
&KDSWHU  %DFNJURXQG                                    
 6XEWUDFWLYH 0L[LQJ )XQGDPHQWDOV                            
 .XEHOND0XQN 7KHRU\                               
 6DXQGHUVRQ &RUUHFWLRQ IRU ,QWHUQDO 5HࡽHFWDQFH                 
 6SHFWUDO ,PDJLQJ :RUNࡽRZ IRU $UW                            
 .0 'DWDEDVH IRU $UWLVW 3DLQWV                          
 /&7) 6SHFWUDO ,PDJLQJ 6\VWHP 	 6SHFWUDO ,PDJH 'DWDEDVH RI 3DLQWLQJV    
 3LJPHQW ,GHQWLࡼFDWLRQ                               
 /LQHDU &RQFHQWUDWLRQ (VWLPDWLRQ $OJRULWKPV                      
L
 $OOHQ $OJRULWKP ,WHUDWLYH &RORULPHWULF $SSURDFK                
 :DORZLW $OJRULWKP 6SHFWUDO /HDVW6TXDUHV $SSURDFK             
 LFF0$;                                            
&KDSWHU  (VWLPDWLQJ &RQFHQWUDWLRQ IRU 0L[WXUHV ZLWK .QRZQ &RORUDQWV       
 2YHUYLHZ                                          
 ([SODQDWLRQ RI $SSURDFK                              
 &KRRVLQJ DQ (UURU 0HWULF                             
 6HWWLQJ (UURU 7KUHVKROG IRU $OOHQ $OJRULWKP                   
 6LPXODWLRQ 5HVXOWV                                     
 7HVWLQJ $OJRULWKP 3DUDPHWHU 9DOXHV                       
 $OOHQ 	 :DORZLW $OJRULWKP 3HUIRUPDQFH                     
 6SHFWUDO ,PDJH 0HDVXUHPHQW 5HVXOWV                           
 'HWHUPLQLQJ 0D[ ,WHUDWLRQV IRU WKH $OOHQ $OJRULWKP              
 $OOHQ 	 :DORZLW $OJRULWKP 3HUIRUPDQFH                     
 :DORZLW $OJRULWKP 0RGLࡼFDWLRQV                         
 $OOHQ $OJRULWKP 0RGLࡼFDWLRQ                           
&KDSWHU  (VWLPDWLQJ &RQFHQWUDWLRQ IRU 0L[WXUHV ZLWK 8QNQRZQ &RORUDQWV     
 2YHUYLHZ                                          
 &KDOOHQJHV RI D /DUJH 3DLQW 'DWDEDVH                       
LL
 ([SODQDWLRQ RI $SSURDFK                              
 6LPXODWLRQ 5HVXOWV                                     
 &RPELQDWRULDO 0HWKRG                               
 :DORZLW 	 $OOHQ9DULDQFH $OJRULWKP 3HUIRUPDQFH               
 6SHFWUDO ,PDJH 0HDVXUHPHQW 5HVXOWV                           
 $OOHQ9DULDQFH $OJRULWKP 3HUIRUPDQFH                     
 0RGLࡼHG :DORZLW $OJRULWKP 3HUIRUPDQFH                    
&KDSWHU  6XPPDU\ &RQFOXVLRQV 	 )XWXUH 'LUHFWLRQ                  
$SSHQGL[$0HDVXUHG 6SHFWUDO ,PDJH 8QPL[LQJ 5HVXOWV 5RRW0HDQ6TXDUH (UURU
0DSV                                        
5HIHUHQFHV                                           
LLL
/,67 2) ),*85(6
 'LDJUDP IURP ,&& D VKRZLQJ GLಀHUHQW GHYLFHV LQWHUDFWLQJ ZLWK FRPPRQ 3&6 
 'LDJUDP RI VLPXODWLRQ EDVHG DSSURDFK DQG PHDVXUHPHQW EDVHG DSSURDFK     
 6SHFWUDO UHࡽHFWDQFH FKDQJHGXH WR HTXDO DGGLWLRQV RI WZRGLಀHUHQW FKURPDWLF SDLQWV
WR SXUH ZKLWH                                        
 ZLGWK                                           
 0HDQ 506( EHWZHHQ JURXQG WUXWK UHࡽHFWDQFH DQG VSHFWUDO UHFRQVWUXFWLRQ XVLQJ
$OOHQ DOJRULWKP FRQFHQWUDWLRQV LV OHVV ( UHJDUGOHVV RI ZKLFK FRPELQDWLRQ RI
&0)V DUH XVHG                                       
 &RPSDULVRQ RI $OOHQ DOJRULWKP	:DORZLW DOJRULWKP VRUWHG E\ QXPEHU RI FRORUDQWV
LQ WKH LPDJH 'DVKHG OLQHV UHSUHVHQW $EHGȆV HUURU UHVXOWV IRU DOO LPDJHV       
 ([DPSOHV RI WKHPRVW VLPLODU FRORUDQWVȆ VSHFWUDO SVHXGRUHࡽHFWDQFH VHH HTXDWLRQ 
IRU ORZ DQG KLJK HUURU UHVXOWV ZLWK WKH $OOHQ DOJRULWKP 7KLV YDOXH LV EDVHG ERWK
RQ WKH FRORUDQWȆV DEVRUSWLRQ DQG VFDWWHULQJ DQG WKH PL[WXUHȆV LQWHUQDO UHࡽHFWDQFH 
 0LQLPXP FRQFHQWUDWLRQ DW SL[HOȆV ZLWK QHJDWLYH FRQFHQWUDWLRQV EHIRUH FOLSSLQJ
YV PD[ FRUUHODWLRQ RI OHDVWVTXDUHV VSHFWUDO WHUP HTXDWLRQ  EHWZHHQ WKDW
PLQLPXP FRORUDQW DQG WKH RWKHU FRORUDQWV                       
 5DWLR RI SL[HOV EHWZHHQ DOO LPDJHV WKDW KDYH IDOVH QHJDWLYHV WKDW DUH UHPRYHG E\ WKH
QHJDWLYH HOLPLQDWLRQ PHWKRG *URXQG WUXWK FRORUDQWV DUH EDVHG RQ WKH FRPELQD
WRULDO PHWKRG 3L[HOV ZLWK  FRORUDQWV KDYH D ORZHU SHUFHQWDJH RI IDOVH QHJDWLYHV
EXW WKHUH DUH DOVR IDU IHZHU RI WKHVH SL[HOV WKDQ WKHUH DUH SL[HOV ZLWK  WR  FRORUDQWV 
LY
 &DOFXODWHG SURFHVVLQJ WLPH RI WKH EUXWHIRUFH FRPELQDWRULDO DSSURDFK IRU GLಀHUHQW
FRORUDQW GDWDEDVH VL]HV XVLQJ D 0DFERRN 3UR ZLWK  *+] GXDOFRUH SURFHVVRU  
 &RPSDULVRQ RI YDULDQFHEDVHG &0)V IRU D VHW RI  DQG  FRORUDQWV 7RR PDQ\ FRO
RUDQWV FDQ FDXVH WKH UHVXOWLQJ FRORUPDWFKLQJ YDOXHPDWUL[ WR EH QHDUVLQJXODU DQG
QRQLQYHUWLEOH                                       
 (UURU UHVXOWV RI WKH 0LQ0D[ (OLPLQDWLRQ DQG &RUUHODWLRQEDVHG (OLPLQDWLRQ DOJR
ULWKPV ZKHQ XVLQJ D GDWDEDVH RI  FRORUDQWV                     
$ 506( UHVXOWV RI PHDVXUHG UHࡽHFWDQFH YHUVXV UHFRQVWUXFWLRQ IRU LPDJH ƽ ZLWK
D SDLQW GDWDEDVH                                    
$ 506( UHVXOWV RI PHDVXUHG UHࡽHFWDQFH YHUVXV UHFRQVWUXFWLRQ IRU LPDJH ƽ ZLWK
D SDLQW GDWDEDVH                                    
$ 506( UHVXOWV RI PHDVXUHG UHࡽHFWDQFH YHUVXV UHFRQVWUXFWLRQ IRU LPDJH ƽ ZLWK
D SDLQW GDWDEDVH                                    
$ 506( UHVXOWV RI PHDVXUHG UHࡽHFWDQFH YHUVXV UHFRQVWUXFWLRQ IRU LPDJH ƽ ZLWK
D SDLQW GDWDEDVH                                    
$ 506( UHVXOWV RI PHDVXUHG UHࡽHFWDQFH YHUVXV UHFRQVWUXFWLRQ IRU LPDJH ƽ ZLWK
D SDLQW GDWDEDVH                                    
$ 506( UHVXOWV RI PHDVXUHG UHࡽHFWDQFH YHUVXV UHFRQVWUXFWLRQ IRU LPDJH ƽ ZLWK
D SDLQW GDWDEDVH                                    
$ 506( UHVXOWV RI PHDVXUHG UHࡽHFWDQFH YHUVXV UHFRQVWUXFWLRQ IRU LPDJH ƽ ZLWK
D SDLQW GDWDEDVH                                    
$ 506( UHVXOWV RI PHDVXUHG UHࡽHFWDQFH YHUVXV UHFRQVWUXFWLRQ IRU LPDJH ƽ ZLWK
D SDLQW GDWDEDVH                                    
$ 506( UHVXOWV RI PHDVXUHG UHࡽHFWDQFH YHUVXV UHFRQVWUXFWLRQ IRU LPDJH ƽ ZLWK
D SDLQW GDWDEDVH                                    
$ 506( UHVXOWV RI PHDVXUHG UHࡽHFWDQFH YHUVXV UHFRQVWUXFWLRQ IRU LPDJH ƽ ZLWK
D SDLQW GDWDEDVH                                    
Y
$ 506( UHVXOWV RI PHDVXUHG UHࡽHFWDQFH YHUVXV UHFRQVWUXFWLRQ IRU LPDJH ƽ ZLWK
D SDLQW GDWDEDVH                                    
$ 506( UHVXOWV RI PHDVXUHG UHࡽHFWDQFH YHUVXV UHFRQVWUXFWLRQ IRU LPDJH ƽ ZLWK
D SDLQW GDWDEDVH                                    
$ 506( UHVXOWV RI PHDVXUHG UHࡽHFWDQFH YHUVXV UHFRQVWUXFWLRQ IRU LPDJH ƽ ZLWK
D SDLQW GDWDEDVH                                    
$ 506( UHVXOWV RI PHDVXUHG UHࡽHFWDQFH YHUVXV UHFRQVWUXFWLRQ IRU LPDJH ƽ ZLWK
D SDLQW GDWDEDVH                                    
$ 506( UHVXOWV RI PHDVXUHG UHࡽHFWDQFH YHUVXV UHFRQVWUXFWLRQ IRU LPDJH ƽ ZLWK
D SDLQW GDWDEDVH                                    
YL
/,67 2) 7$%/(6
 0D[ VSHFWUDO 506 HUURU RI  VDPSOHV SHU FRORUDQW VHW VL]H ZLWK UDQGRPL]HG
FRQFHQWUDWLRQV IRU $OOHQ DQG :DORZLW DOJRULWKP                    
 5HVXOWV RI RULJLQDO DQG PRGLࡼHG :DORZLW DQG $OOHQ DOJRULWKPV IRU VSHFWUDO LPDJHV
ZLWK XS WR  NQRZQ FRORUDQWV                               
 6SHFWUDO 506 HUURU DQG SURFHVVLQJ WLPH IRU RULJLQDO :DORZLW DOJRULWKP QHJDWLYH




7KH ,QWHUQDWLRQDO &RORU &RQVRUWLXP ,&& SURYLGHV D ZLGHO\XVHG VWDQGDUG IRU FRORU PDQDJH
PHQW ,&& SURࡼOHV DOORZ IRU FRQVLVWHQW FRORU UHSURGXFWLRQ RI LPDJHV DFURVV YDULRXV GHYLFHV ZLWK
GLಀHUHQW QDWLYH FRORU VSDFHV 0RVW ,&& VSHFLࡼFDWLRQV DUH OLPLWHG WR FRORULPHWULF WUDQVIRUPV DQG
DUH UHVWULFWHG WR D VSHFLࡼF LOOXPLQDQW REVHUYHU DQG OLJKWLQJ JHRPHWU\ 7KH QHZHVW VSHFLࡼFD
WLRQ LFF0$; LV PRUH YHUVDWLOH 3URࡼOHV FDQ EH GHࡼQHG XVLQJ DQ\ LOOXPLQDQW DQG REVHUYHU LQ
WHUPV FRORULPHWHULF FKDQQHOV VSHFWUDO FKDQQHOV RU PDWHULDO FKDQQHOV ZLWK WKH ODWWHU DOORZLQJ
LPPHQVH \H[LELOLWࡽ LQ KRZ HQFRGHG GDWD FDQ EH SURFHVVHG LFF0$; SURࡼOHV FDQ DOVR FRQWDLQ
FRPSOH[ IXQFWLRQV LQ DGGLWLRQ WR WKH OLQHDU WUDQVIRUPV DQG ORRNXSWDEOHV XVHG LQ RWKHU ,&&
VSHFLࡼFDWLRQV 7KHVH QHZ FDSDELOLWLHV SURYLGH D VWDQGDUG IRU FRORU PDQDJHPHQW RI VSHFWUDO LP
DJHV
7KH 6WXGLR IRU 6FLHQWLࡼF ,PDJLQJ DQG $UFKLYLQJ RI &XOWXUDO +HULWDJH DW 5,7 KDV GHYHORSHG
D ZRUNࡽRZ IRU KLJKUHVROXWLRQ VSHFWUDO LPDJLQJ RI DUWZRUN LFF0$; FDQ DOORZ FRQYHQLHQW HQ
FRGLQJ RI VSHFWUDO LPDJHV ZKRVH DSSHDUDQFH FDQ EH FDOFXODWHG XQGHU YDULRXV OLJKWLQJ FRQGL
WLRQV DQG REVHUYHU IXQFWLRQV WKHQ UHQGHUHG WR GLVSOD\ RU SULQWLQJ FRORU VSDFHV $GGLWLRQDO LFF
0$; IXQFWLRQDOLW\ FRXOG EH XVHG IRU PRUH LQWHUHVWLQJ PDQLSXODWLRQ RI VSHFWUDO GDWD JLYHQ VRPH
NQRZOHGJH RI WKH LPDJH FRQWHQW ,Q WKH FDVH RI SDLQWLQJV .XEHOND0XQN WXUELG PHGLD WKHRU\
FDQ UHYHDO LQIRUPDWLRQ DERXW WKH FRPSRQHQW SDLQWV XVHG LQ DQ DUWZRUN EDVHG RQ LWV VSHFWUDO
UHࡽHFWDQFH
.XEHOND0XQN .0 WKHRU\ LV XVHIXO IRU PRGHOLQJ RSWLFDO PL[LQJ LQ PDQ\ VXEWUDFWLYH FRORU
V\VWHPV &RORUDQWV DUH FRPELQHG LQ WHUPV RI DEVRUSWLRQ DQG VFDWWHULQJ RU D UDWLR RI WKH WZR

UDWKHU WKDQ UHࡽHFWDQFH RU UDGLDQFH 7KH LGHQWLࡼFDWLRQ RI FRORUDQWV DQG HVWLPDWLRQ RI FRORUDQW
FRQFHQWUDWLRQ EDVHG RQ .0WKHRU\ LV D ZHOOUHVHDUFKHG WRSLF 7KH PDWKHPDWLFDO WUDQVIRUPV
VSHFLࡼHG E\ .0WKHRU\ FDQ EH LPSOHPHQWHG LQ LFF0$; ZKLFK IHDWXUHV D SURJUDPPDEOH FDO
FXODWRU IRU FRQYHUVLRQ EHWZHHQ VSHFWUDO FRORULPHWULF DQG PDWHULDO VSDFHV 7KLV SURJUDPPDEOH
FDOFXODWRU LV OLPLWHG WR OLQHDU RSHUDWLRQV DSSOLHG WR RQH SL[HO DW D WLPH 7KH .0 VXEWUDFWLYH PL[
LQJ PRGHO XVHG WR FDOFXODWH VSHFWUDO UHࡽHFWDQFH IURP FRORUDQW FRQFHQWUDWLRQ FRQVLVWV RI OLQHDU
HTXDWLRQV 2Q WKH RWKHU KDQG PRVW VXEWUDFWLYH XQPL[LQJ DOJRULWKPV ZKLFK DUH XVHG WR FDO
FXODWH WKH FRORUDQW FRQFHQWUDWLRQV WKDW ZLOO SURGXFH D JLYHQ VSHFWUDO UHࡽHFWDQFH DUH UHOLDQW RQ
QRQOLQHDU RSWLPL]DWLRQ WHFKQLTXHV RU RQ DQDO\VLV RIPXOWLSOH SL[HOV VLPXOWDQHRXVO\ 7KLVPHDQV
PXFK RI WKH SUHYLRXV UHVHDUFK RQ VXEWUDFWLYH XQPL[LQJ LV QRW DSSOLFDEOH WR DQ LFF0$; VROXWLRQ
7KLV 0DVWHUȆV 7KHVLV UHSRUWV RQ D UHVHDUFK SURMHFW WKDW GHYHORSV WRROV IRU HQFRGLQJ VSHFWUDO
LPDJHV FUHDWHG IRU DUWZRUN DUFKLYDO ZLWK LFF0$; SURࡼOHV 7KLV 7KHVLV ZLOO SULPDULO\ IRFXV RQ
DOJRULWKPV WKDW FDQ HVWLPDWH SDLQW FRQFHQWUDWLRQV IURPPL[WXUHVZLWK NQRZQ FRORUDQWV DQG QHZ
DOJRULWKPV WKDW FDQ GR WKH VDPH IURP D ODUJH GDWDEDVH RI FRORUDQWV 7KHVH DOJRULWKPV DUH IRU
PDWWHG DQG WHVWHG WR HQVXUH WKH\ Wࡼ ZLWKLQ WKH LFF0$; IUDPHZRUN 7KHVH HಀRUWV ZLOO DOORZ IRU
WKH GLVWULEXWLRQ DQG DQDO\VLV RI VSHFWUDO LPDJH OHVࡼ ZLWKRXW DQ\ DX[LOLDU\ GDWD RU LQVWUXFWLRQV
UHTXLUHG 7KH PDLQ REMHFWLYHV RI WKLV UHVHDUFK DUH
 7R LPSOHPHQW DQG WHVW H[LVWLQJ SDLQW FRQFHQWUDWLRQ HVWLPDWLRQ DOJRULWKPV WR HQVXUH WKH\
Wࡼ ZLWKLQ WKH LFF0$; IUDPHZRUN IRU VSHFWUDO GDWD
 7R GHVLJQ DQ DOJRULWKP WKDW DFFXUDWHO\ HVWLPDWHV FRPSRQHQW FRORUDQW FRQFHQWUDWLRQV IURP
VSHFWUDO UHࡽHFWDQFH PHDVXUHPHQWV RI SDLQW PL[WXUHV XVLQJ D ODUJH FRORUDQW GDWDEDVH DQG
UHOLHV VROHO\ RQ OLQHDU RSHUDWLRQV
 7R LPSOHPHQW WKLV DOJRULWKP XVLQJ WKH LFF0$; FDOFXODWRU DQG HYDOXDWH LWV DELOLW\ WR UH




 6XEWUDFWLYH 0L[LQJ )XQGDPHQWDOV
 .XEHOND0XQN 7KHRU\
.XEHOND0XQN 7KHRU\ LV D FRPPRQO\ XVHG PRGHO IRU SUHGLFWLQJ WKH VSHFWUDO SURSHUWLHV RI RSWL
FDO PL[WXUHV DSSOLFDEOH WR PDQ\ VXEWUDFWLYH FRORU V\VWHPV LQFOXGLQJ FRDWLQJV SDLQWV SDSHUV
DQG WH[WLOHV 9DUJDV DQG 1LNODVVRQ  7KH PRGHO OLQHDUO\ FRPELQHV WZR RU PRUH FRORUDQWV LQ
WHUPV RI VSHFWUDO DEVRUSWLRQ N DQG VFDWWHULQJ V LQ WKH WZRFRQVWDQW WKHRU\ .0 RU D UDWLR
RI WKH WZR .6 LQ VLQJOHFRQVWDQW WKHRU\ .0 EDVHG RQ WKH FRQFHQWUDWLRQ RQ WKH FRORUDQWV
7KH VLQJOHFRQVWDQW WKHRU\ LV PRUH VLPSOLVWLF EXW LV RQO\ DSSOLFDEOH ZKHQ WKH VFDWWHULQJ FRHࡺ
FLHQW RI FKURPDWLF FRORUDQWV LV QHJOLJLEOH FRPSDUHG WR WKH VFDWWHULQJ RI D VXEVWUDWH (TXDWLRQV
HTXDWLRQ  DQG HTXDWLRQ  DUH XVHG E\ .0 DQG .0 UHVSHFWLYHO\ WR FDOFXODWHG .6 RI
D PL[WXUH DQG HTXDWLRQ  LV XVHG WR FRQYHUW .6 WR VSHFWUDO UHࡽHFWDQFH LQVLGH WKH PL[WXUH
ෝǅǍ ෞވ˷֕օֱֵׁ֩յ  Ǘџ ෝǅǍ ෞވ˷џ  Ǘӝ ෝǅǍ ෞވ˷ӝ    Ǘօ ෝǅǍ ෞވ˷օ ෝǅǍ ෞވ˷֕օֱֵׁ֩յ  Ǘџǝވ˷џ  Ǘӝǝވ˷ӝ    Ǘօǝވ˷օǗџǥވ˷џ  Ǘӝǥވ˷ӝ    Ǘօǥވ˷օ 
ǌօ˷ވ    ෝǅǍ ෞވ ๣
ၳၲၲ
ၱෝǅǍ ෞވӝ   ෝǅǍ ෞވ 
6SHFLࡼFDOO\ IRU SDLQW PL[WXUHV WKH .0 DSSURDFK FDQ EH XVHG ZLWK ZKLWH SDLQW DFWLQJ DV

WKH VXEVWUDWH WR FDOFXODWH .6 FRHࡺFLHQWV IRU D FKURPDWLF SDLQW E\ PL[LQJ D NQRZQ DPRXQW RI
WKH FKURPDWLF SDLQW DQG ZKLWH 5 %HUQV DQG 0RKDPPDGL D $ FRPSDULVRQ WR WKH .0
DSSURDFK XVLQJ  FKURPDWLF SDLQWV ZKHUH DW OHDVW WZRPL[WXUHV RI WKH FKURPDWLF SDLQW DQGZKLWH
DUH QHHGHG ZLWK NQRZQ FRQFHQWUDWLRQV IRXQG E\ ZHLJKLQJ WKH SDLQWV EHIRUH PL[LQJ VKRZHG
WKDW WKH DGGLWLRQDO HಀRUW UHTXLUHG WR GHWHUPLQH VHSDUDWH N DQG V FRHࡺFLHQWV ZDV ZRUWKZKLOH
LQ D IHZ FDVHV EXW PRUH RIWHQ UHVXOWHG LQ QHJOLJLEOH HUURU GLಀHUHQFHV IURP .0 5 %HUQV DQG
0RKDPPDGL E +RZHYHU DQ DQDO\VLV ZLWK D VHW RI  FKURPDWLF SDLQWV DQG PRUH FRPSOH[
PL[WXUHV UHYHDOHG WKDW .0RIWHQ UHVXOWHG LQ ODUJH HUURUV IRUPL[WXUHVZLWK ORZ VFDWWHULQJ ZKLOH
.0 SHUIRUPHG ZHOO LQ DOPRVW DOO FDVHV $EHG 
 6DXQGHUVRQ &RUUHFWLRQ IRU ,QWHUQDO 5HࡽHFWDQFH
.0WKHRU\ GHVFULEHV WKH OLQHDU FRPELQDWLRQ RI FRORUDQWVȆ DEVRUSWLRQ DQG VFDWWHULQJ SURSHUWLHV
LQVLGH D PL[WXUH /LJKW UHࡽHFWLQJ Rಀ WKH VXUIDFH RI D PL[WXUH LV LPSDFWHG E\ WKH UHIUDFWLYH LQ
GH[ GLಀHUHQFH EHWZHHQ WKH PL[WXUH DQG DLU DQG E\ WKH OLJKWLQJ JHRPHWU\ 6DXQGHUVRQ 
(TXDWLRQ HTXDWLRQ  FRQYHUWV WKH UHࡽHFWDQFH PHDVXUHG Rಀ WKH VXUIDFH RI WKH PL[WXUH ǌ֕
WR LQWHUQDO UHࡽHFWDQFH RI WKH PL[WXUH ǌօ
ǌօ˷ވ  ǌ֕˷ވ ๣ ǝօ֭֙ǝџ	 ๣ ǝџ
	 ๣ ǝӝ
  ǝӝǌ֕ ๣ ǝօ֭֙ǝџǝӝ 
7KH ǝ WHUPV DOVR FDOOHG 6DXQGHUVRQ FRHࡺFLHQWV DUH UHODWHG WR WKH SURSRUWLRQ RI OLJKW UHࡽHFWLQJ
Rಀ WKH H[WHUQDO DQG LQWHUQDO VXUIDFH RI WKH PL[WXUH ǝџ DQG ǝӝ DQG WKH RSWLFDO JHRPHWU\ RI WKH
PHDVXUHPHQW GHYLFH UHODWLYH WR WKH VXUIDFH ǝօ֭֙

 6SHFWUDO ,PDJLQJ :RUNࡽRZ IRU $UW
7KLV VHFWLRQ GHVFULEHV D ZRUNࡽRZ IRU FDSWXULQJ DQG DQDO\]LQJ VSHFWUDO LPDJHV RI DUWZRUN GHYHO
RSHG E\ WKH 6WXGLR IRU 6FLHQWLࡼF ,PDJLQJ DQG $UFKLYLQJ RI &XOWXUDO +HULWDJH DW 5,70XQVHOO &RORU
6FLHQFH /DE $ GDWDEDVH RI VSHFWUDO SURSHUWLHV RI  DUWLVW SDLQWV ZDV GHYHORSHG DOORZLQJ PL[
WXUH VLPXODWLRQ RI WKHVH SDLQWV XVLQJ WKH .0PRGHO 2NXPXUD  $ VSHFWUDO FDPHUD V\VWHP
ZDV FKDUDFWHUL]HG IRU WKHVH DUWLVW SDLQWV DQG XVHG WR PHDVXUH LPDJHZLVH VSHFWUDO UHࡽHFWDQFH
RI SDLQWLQJV $ VSHFWUDO LPDJH SURFHVVLQJ ZRUNࡽRZ ZDV WKHQ GHVLJQHG WR LGHQWLI\ ZKLFK SDLQWV
ZHUH SUHVHQW LQ HDFK LPDJH 2QFH SDLQWV ZHUH LGHQWLࡼHG SDLQW FRQFHQWUDWLRQ PDSV RI HDFK
SDLQWLQJ FRXOG EH H[WUDFWHG XVLQJ WKH DOJRULWKPV GHVFULEHG LQ VHFWLRQ 
 .0 'DWDEDVH IRU $UWLVW 3DLQWV
$ GDWDEDVH RI .0 FRHࡺFLHQWV ZDV FUHDWHG E\ 2NXPXUD IRU D VHW RI  SDLQWV IURP WKH *2/'(1
PDWWH XLGࡽ DFU\OLF SDLQW OLQHXS 7KHVH SDLQWV FRQVLVW RI WUDGLWLRQDO RUJDQLF DQG V\QWKHWLF SLJ
PHQWV DYRLGLQJ DQ\ XRUHVFHQWࡽ PHWDOOLF DQG SHDUOHVFHQW SLJPHQWV WKDW ZRXOG LQWURGXFH H[WUD
GLࡺFXOW\ LQ FKDUDFWHUL]DWLRQ RI WKH SDLQWȆV VSHFWUDO .0 SURSHUWLHV )RU D JLYHQ FKURPDWLF SDLQW
DEVRUSWLRQ DQG VFDWWHULQJ FRHࡺFLHQWV ZHUH FDOFXODWHG IURP UHࡽHFWDQFH PHDVXUHPHQWV RI D VH
ULHV RI YHࡼ WR VL[PL[WXUHV RI WKH FKURPDWLF SDLQW DQGZKLWH SDLQW FDOOHG D WLQW ODGGHU 7KHZHLJKW
RI WKH FKURPDWLF DQG ZKLWH SDLQWV ZHUH FDUHIXOO\ PHDVXUHG EHIRUH FUHDWLQJ HDFKPL[WXUH VR WKH
WUXH FRQFHQWUDWLRQV LQ WKH PL[WXUH ZHUH NQRZQ 7KH N DQG V FRHࡺFLHQWV ZHUH WKHQ RSWLPL]HG
WR UHGXFH HUURU EHWZHHQ WKH PHDVXUHG UHࡽHFWDQFH DQG UHFRQVWUXFWHG UHࡽHFWDQFH XVLQJ D QRQ
QHJDWLYH OHDVW VTXDUHV DOJRULWKP 6DXQGHUVRQ FRHࡺFLHQWVZHUH DOVR RSWLPL]HG WR UHGXFH VSHFWUDO
HUURU ǝџ   ǝӝ   ǝօ֭֙  

 /&7) 6SHFWUDO ,PDJLQJ 6\VWHP 	 6SHFWUDO ,PDJH 'DWDEDVH RI 3DLQWLQJV
$ FDPHUD FRQVLVWLQJ RI D PRQRFKURPH VHQVRU DQG OLTXLG FU\VWDO WXQDEOH OWHUࡼ /&7) ZDV FKDU
DFWHUL]HG WR SURGXFH DFFXUDWH VSHFWUDO PHDVXUHPHQWV IRU WKH DUWLVW SDLQW GDWDEDVH$EHG 
7KH VSHFWUDO WUDQVPLVVLRQ RI WKH /&7) FDQ EH DGMXVWHG DQG LQ WKLV FDVH ZDV XVHG WR SURGXFH 
VSHFWUDO EDQGV LQ WKH YLVLEOH VSHFWUXP $ FXVWRP SDLQW WDUJHW FRQVLVWLQJ RI PL[WXUHV RI DUWLVW
SDLQWV ZDV PHDVXUHG ZLWK WKH /&7) FDPHUD DQG D VSHFWURSKRWRPHWHU WR FKDUDFWHUL]H WKH UH
ODWLRQVKLS EHWZHHQ WKH FKDQQHO RXWSXW RI WKH FDPHUD DQG WKH VSHFWUDO UHࡽHFWDQFH XQGHU D
FHUWDLQ OLJKWLQJ FRQGLWLRQ DQG RSWLFDO JHRPHWU\ RI WKH PHDVXUHPHQW VXUIDFH DQG FDPHUD V\V
WHP 7KH FKDUDFWHUL]DWLRQ DOVR LQFOXGHG FRUUHFWLRQV IRU GDUN FXUUHQW RI WKH VHQVRU DUHࡽ RI WKH
RSWLFDO V\VWHP VSDWLDO QRQXQLIRUPLW\ RI WKH VHQVRU DQG OHQV DQG DQJXODU GHSHQGHQF\ RI WKH
/&7) WUDQVPLVVLRQ 7KH DYHUDJH DQG PD[LPXP VSHFWUDO UHࡽHFWDQFH HUURU RI WKH FKDUDFWHUL]HG
/&7) FDPHUD IRU WKH FXVWRP SDLQW WDUJHW ZHUH  DQG  506(
7KH /&7) FDPHUD ZDV XVHG WR PHDVXUH  SDLQWLQJV FUHDWHG IURP WKH DUWLVW SDLQW GDWDEDVH
XQGHU WKH VDPH OLJKWLQJ DQG JHRPHWULF FRQGLWLRQV XVHG LQ WKH FKDUDFWHUL]DWLRQ 7KH SDLQWLQJV
FRQVLVWHG RI  WR  FKURPDWLF SDLQWV SOXV ZKLWH 7KH UHVXOWLQJ VSHFWUDO LPDJHV KDG PHDVXUHG
VSHFWUDO UHࡽHFWDQFH DW  ZDYHOHQJWKV IURP  QP WR  QP LQ  QP LQFUHPHQWV 7KH LP
DJHV KDG GLಀHUHQW VSDWLDO UHVROXWLRQ GHSHQGLQJ RQ WKH GLPHQVLRQV RI WKH SDLQWLQJ 7KH LPDJHV
FRQVLVWHG RI  WR  SL[HOV HDFK
 3LJPHQW ,GHQWLࡼFDWLRQ
7R LGHQWLI\ ZKLFK SLJPHQWV DUH SUHVHQW LQ D SDLQWLQJ D VXEVHW RI SL[HOV IURP WKH VSHFWUDO LP
DJH ZLWK KLJK OLJKWQHVV JUHDWHU WKDQ ǆ຋ DQG ORZ FKURPD OHVV WKDQ ƽ຋ǥեթ DUH VHOHFWHG
IRU DQDO\VLV .0 WKHRU\ RIWHQ SHUIRUPV SRRUO\ ZKHQ D PL[WXUH PRVWO\ FRQVLVWV RI FKURPDWLF
SLJPHQW VR GDUN DQGRU KLJKO\ FKURPDWLF PL[WXUHV DUH DYRLGHG )URP WKHUH WKH VSHFWUDO UH

HFWDQFHVࡽ RI WKH VHOHFWHG SL[HOV DUH FRQYHUWHG WR VSHFWUDOන֋֫ ඲ DQG SULQFLSDO FRPSRQHQW DQDO\VLV
LV XVHG WR UHGXFH GLPHQVLRQDOLW\ RI WKH VHW IURP WKH GLPHQVLRQ VSHFWUDO GDWD 7KH HLJHQYHFWRUV
UHVSRQVLEOH IRU  RI WKH FXPXODWLYH YDULDQFH DUH FKRVHQ 7KHVH HLJHQYHFWRUV PD\ EH FRQ
VLGHUHG D URXJK HVWLPDWH RI WKH VSHFWUDO න֋֫ ඲ RI WKH LPDJHȆV FRPSRQHQW SDLQWV DQG HLJHQYDOXHV
D URXJK HVWLPDWH RI WKH SDLQW FRQFHQWUDWLRQV
$ VHULHV RI WKUHH DOJRULWKPV FRPPRQ LQ K\SHUVSHFWUDO UHPRWH VHQVLQJ DUH WKHQ XVHG WR GHWHU
PLQH PRUH DFFXUDWH HVWLPDWHV RI WKH VSHFWUDO න֋֫ ඲ RI WKH SXUH SDLQWV LQ WKH LPDJH (LJHQYDOXHV
DUH FDOFXODWHG IRU DOO SL[HOV LQ WKH LPDJH XVLQJ WKH HLJHQYHFWRUV IRXQG LQ WKH 3&$ VWHS )URP
WKHVH HLJHQYDOXHV QHZ VXEVHWV RI SL[HOV DUH FKRVHQ XVLQJ WKH SL[HO SXULW\ LQGH[ WHFKQLTXH D OLQ
HDU DOJRULWKP WKDW SURMHFWV DOO WKH YDOXHV LQ D QGLPHQVLRQDO GDWDVHW RQWR D VHW RI QGLPHQVLRQDO
UDQGRP YHFWRUV 7KH YDOXHV WKDW IDOO RQ WKH H[WUHPH HQGV RI WKHPRVW YHFWRUV DUH FKRVHQ $VVXP
LQJ WKH GDWDVHW FRQVLVWV RI PL[WXUHV RI VHYHUDO FRPSRQHQWV WKHVH YDOXHV RQ WKH RXWHU ERUGHUV RI
WKH GDWDVHW DUH PRVW OLNHO\ WR UHSUHVHQW WKH SXUH FRPSRQHQWV ,Q WKLV FDVH WKHVH VXEVHW RI SL[HOV
VKRXOG LQFOXGH WKRVH FORVHVW WR LQGLYLGXDO SXUH SDLQWV LQ WKH LPDJH 2QH VXEVHW LV VHOHFWHG IURP
SL[HOV ZLWK KLJK ǆ຋ YDOXHV WR VHDUFK IRU SXUH ZKLWH ZKLOH DQRWKHU VXEVHW LV VHOHFWHG IURP SL[HOV
ZLWK D ODUJHU UDQJH RI ORZ WR PLG ǆ຋ YDOXHV WR VHDUFK IRU SXUH FKURPDWLF SDLQWV
)URP WKH SL[HOV VHOHFWHG E\ WKH SL[HO SXULW\ LQGH[ DQRWKHU OLQHDU DOJRULWKP LV DSSOLHG WR
LGHQWLI\ WKH SL[HOV WKDW PRVW OLNHO\ UHSUHVHQW HDFK LQGLYLGXDO SDLQW LQ WKH LPDJH 7KH VLPSOH[
JURZLQJ DOJRULWKP 6*$ FRPSDUHV WKH YROXPHV RI WKH QGLPHQVLRQDO VKDSHV SURGXFHG E\ GLI
IHUHQW VXEVHWV RI Q SL[HOV ZKHUH Q LV WKH QXPEHU RI GLPHQVLRQV IRXQG LQ WKH 3&$ VWHS 7KH
SL[HOV WKDW SURGXFH WKH KLJKHVW YROXPH DUH GHWHUPLQHG WR EH WKH PRVW SXUH VDPSOHV RI HDFK WKH
Q FRPSRQHQW SDLQWV LQ WKH LPDJH
6LQFH WKH LPDJHPD\QRW KDYH DQ\ WUXO\ SXUH VDPSOHV IRU VRPHRU DOO RI WKH FRPSRQHQW SDLQWV
D QRQOLQHDU RSWLPL]DWLRQ DOJRULWKP LV WKHQ XVHG ZLWK WKH 6*$VHOHFWHG SL[HOȆV න֋֫ ඲ FRHࡺFLHQWV
DV D VWDUWLQJ SRLQW $ PRGLࡼFDWLRQ RI WKH 6SDUVLW\ 3URPRWLQJ ,WHUDWLYH &RQVWUDLQHG (QGPHP

EHU ([WUDFWLRQ 63,&( DOJRULWKP IRU VXEWUDFWLYH න֋֫ ඲ VSDFH SURYLGHV D EHWWHU HVWLPDWH RI WKH
FRPSRQHQW SDLQWVȆ WUXH න֋֫ ඲ FRHࡺFLHQWV
/DVWO\ WKH HVWLPDWHG SXUH SDLQW න֋֫ ඲ LV FRPSDUHG WR WKH 2NXPXUD $UWLVW 3DLQW 'DWDEDVH WR
QGࡼ WKH PRVW VLPLODU SDLQWV )RU  VSHFWUDO LPDJHV FRQVLGHUHG LQ WKLV DQDO\VLV DOO RI WKH FRUUHFW
SDLQWV ZHUH VHOHFWHG IRU  RI WKHP ,PDJHV ZLWK PRUH FRPSRQHQW SDLQWV ZHUH PRUH OLNHO\ WR
KDYH DQ LQFRUUHFW SDLQW VHOHFWHG $EHG 
 /LQHDU &RQFHQWUDWLRQ (VWLPDWLRQ $OJRULWKPV
7KLV VHFWLRQ GHVFULEHV WZR PHWKRGV IRU GHWHUPLQLQJ WKH FRQFHQWUDWLRQV RI FRORUDQWV LQ D PL[
WXUH WKDW UHO\ VROHO\ RQ OLQHDU HTXDWLRQV XVLQJ WKH DEVRUSWLRQ DQG VFDWWHULQJ SURSHUWLHV RI WKH
FRORUDQWV DQG WKH PL[WXUH 7KHVH WZR DOJRULWKPV ZLOO EH KHDYLO\ UHIHUHQFHG LQ WKLV ZRUN DQG
IRU FRQYHQLHQFH ZLOO EH UHIHUUHG WR E\ WKH QDPHV RI WKHLU FUHDWRUV $OOHQ DQG :DORZLW
 $OOHQ $OJRULWKP ,WHUDWLYH &RORULPHWULF $SSURDFK
$OOHQ SURSRVHG D JHQHUDOL]HG OLQHDU DOJRULWKP IRU GHWHUPLQLQJ WKH FRQFHQWUDWLRQV QHHGHG IRU
D JLYHQ VHW RI WKUHH FRORUDQWV WR SURGXFH D FRORULPHWULF PDWFK WR D VDPSOH $OOHQ  7KLV
JHQHUDOL]HG VLQJOHFRQVWDQW DOJRULWKP ZDV PRGLࡼHG WR XVH .0 ZLWK WKH DVVXPSWLRQ RI IRXU
FRORUDQWV DQG D VXEVWUDWH $OOHQ  7KH .0 DOJRULWKP ZDV IXUWKHU DGMXVWHG IRU WKUHH FKUR
PDWLF SDLQWV DQG RQH ZKLWH SDLQW UHPRYLQJ WKH VXEVWUDWH WHUP 5 6 %HUQV  ,I WKH VDPSOH
LV D PL[WXUH ZLWK NQRZQ FRORUDQWV WKH DOJRULWKP FDQ EH XVHG WR H[WUDFW WKH FRQFHQWUDWLRQV RI
WKRVH FRORUDQWV
7KH DOJRULWKP XVHV FRORU PDWFKLQJ IXQFWLRQV WR FDOFXODWH YDOXHV VLPLODU WR ;<= WULVWLPXOXV
YDOXHV EXW XVLQJ .0 VSHFWUDO DEVRUSWLRQ DQG VFDWWHULQJ FRHࡺFLHQWV UDWKHU WKDQ VSHFWUDO UH
HFWDQFHࡽ %HUQV GHVFULEHG WKHVH YDOXHV DV SVHXGRWULVWLPXOXV YDOXHV ǒ֟Ǔ֟ǔ֟  ZKLFKZRXOG
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ǌ֟  ƾ֍	ǝ ๣ ǝֽ
  ƾ֭	ǥ ๣ ǥֽ
 
ƾ֍  ๣ǌӝօ˷եǥե	 ๣ ǌӝօ˷ե
 
ƾ֭  ǌօ˷ե	 ๣ ǌօ˷ե
ǥե	  ǌօ˷ե
 
ɡǪ ɡǫ DQG ɡǬ DUH URZ YHFWRUV FRQWDLQLQJ FRORU PDWFKLQJ IXQFWLRQV &0)V ƿ LV D GLDJRQDO
PDWUL[ RI WKH VSHFWUDO UDGLDQFH RI WKH LOOXPLQDQW XVHG WR PDWFK WKH FRORUDQW PL[WXUH WR WKH
VDPSOH ǝ DQG ǥ DUH FROXPQ YHFWRUV RI .0 FRHࡺFLHQWV IRU HLWKHU WKH FRORUDQWV RU WKH VDP
SOH SVHXGRWULVWLPXOXV YDOXHV DUH FDOFXODWHG IRU ERWK ƾ֍ DQG ƾ֭ DUH GLDJRQDO PDWULFHV RI
WKH SDUWLDO GHULYDWLYHV RI LQWHUQDO UHࡽHFWDQFH HTXDWLRQ  RI WKH VDPSOH ZLWK UHVSHFW WR ǝ
DQG ǥ ZKHUH WKH VXEVFULSW Ǖ GHQRWHV WKH VDPSOH DQG VXEVFULSW ǩ GHQRWHV WKH ZKLWH SDLQW ,Q
FOXGLQJ WKHVH SDUWLDO GHULYDWLYHV LQ WKH SVHXGRUHࡽHFWDQFH WHUP LPSURYHV LWV FRUUHODWLRQ ZLWK
UHࡽHFWDQFH ZKLFK LV XVHIXO LQ D ODWHU VWHS ZKHUH HVWLPDWHG FRQFHQWUDWLRQV DUH DGMXVWHG XVLQJ
UHࡽHFWDQFHEDVHG WULVWLPXOXV HUURU EHWZHHQ WKH VDPSOH DQG WKH FDOFXODWHG PL[WXUH 
)RU HTXDWLRQ  DQG HTXDWLRQ  LWȆV OLNHO\ WKDW WKH VFDWWHULQJ FRHࡺFLHQWV RI WKHPL[WXUHǥե DUH QRW NQRZQ EHFDXVH RQO\ WKH .0 FRHࡺFLHQWV න֋֫ ඲ FDQ EH FDOFXODWHG IURP UHࡽHFWDQFH
DV H[SODLQHG LQ VHFWLRQ  7KH UVWࡼ VWHS RI WKH DOJRULWKP DVVXPHV ǥե   DQG ǝե  න֋֫ ඲ե
IRU FDOFXODWLQJ SVHXGRWULVWLPXOXV YDOXHV RI WKH VDPSOH $Q LQLWLDO VHW RI FRQFHQWUDWLRQV LV FDOFX













ZKHUH Ǣ Ǣ DQG Ǣ GHQRWH WKH  FRORUDQW SDLQWV 7KH FRQFHQWUDWLRQV RI WKH WKUHH FRORUDQWV
DQG ZKLWH VXP WR  VR WKH ZKLWH SDLQW FRQFHQWUDWLRQ LV FDOFXODWHG E\
Ǘֽ   ๣ 	Ǘ֡џ  Ǘ֡ӝ  Ǘ֡ӗ
 
7KH IRXU SDLQW FRQFHQWUDWLRQV DORQJ ZLWK WKH NQRZQ ǝ DQG ǥ YDOXHV RI WKH SDLQWV DUH WKHQ
XVHG WR FDOFXODWH UHࡽHFWDQFH XVLQJ HTXDWLRQ  HTXDWLRQ  DQG HTXDWLRQ  7KH &0)V
DUH DSSOLHG WR WKH PHDVXUHG UHࡽHFWDQFH DQG FDOFXODWHG UHࡽHFWDQFH RI WKH VDPSOH PL[WXUH WR
SURGXFH WULVWLPXOXV YDOXHV IRU ERWK ,I WKH WULVWLPXOXV HUURU EHWZHHQ PHDVXUHG DQG FDOFXODWHG
UHࡽHFWDQFH LV ODUJHU WKDQ D SUHGHWHUPLQHG WKUHVKROG WKHQ WKH LWHUDWLYH SDUW RI WKH DOJRULWKP
EHJLQV 3ULRU WR WKH UVWࡼ LWHUDWLRQ WKH SDUWLDO GHULYDWLYH WHUPV ƾ֍ DQG ƾ֭  FDQ EH UHFDOFXODWHG
ZLWK PRUH DFFXUDWH VFDWWHULQJ FRHࡺFLHQWV IRU WKH VDPSOH ǥե XVLQJ WKH LQLWLDO FRQFHQWUDWLRQ
HVWLPDWHV WLPHV WKH VFDWWHULQJ FRHࡺFLHQWV RI WKH FRORUDQWV
ǥե  Ǘ֡џǥ֡џ  Ǘ֡ӝǥ֡ӝ  Ǘ֡ӗǥ֡ӗ  Ǘֽǥֽ 
,PSURYHG SVHXGRWULVWLPXOXV YDOXHV IRU WKH FRORUDQWV FDQ EH FDOFXODWHG ZLWK WKH QHZ SDUWLDO
GHULYDWLYH WHUPV 7KH LQYHUVH RI WKH QHZ FRORUDQW SVHXGRWULVWLPXOXV PDWUL[ LV PXOWLSOLHG E\ WKH







ǒ֟֡џ ǒ֟֡ӝ ǒ֟֡ӗǓ֟֡џ Ǔ֟֡ӝ Ǔ֟֡ӗǔ֟֡џ ǔ֟֡ӝ ǔ֟֡ӗ
ดณณณณณฒ
๣џ ฑฐฐฐฐฐฏ
ǒե ๣ ǒ֕Ǔե ๣ Ǔ֕ǔե ๣ ǔ֕
ดณณณณณฒ

7KH FRQFHQWUDWLRQ DGMXVWPHQW YDOXHV DUH DGGHG WR WKH SUHYLRXV FRQFHQWUDWLRQV DQG QHZ
UHࡽHFWDQFH YDOXHV DUH FDOFXODWHG 7KHVH LWHUDWLRQV FRQWLQXH XQWLO WKH WULVWLPXOXV HUURU EHWZHHQ
WKH FDOFXODWHG DQG PHDVXUHG UHࡽHFWDQFH GHFUHDVHV EHORZ WKH SUHGHWHUPLQHG WKUHVKROG
 :DORZLW $OJRULWKP 6SHFWUDO /HDVW6TXDUHV $SSURDFK
:DORZLW SURSRVHG DQ DOWHUQDWLYH WR WKH FRORULPHWULF FRQFHQWUDWLRQ HVWLPDWLRQ DOJRULWKP GH
VFULEHG LQ VHFWLRQ  WKDW ZDV EDVHG RQ .0 EXW RQO\ XVHG D VLQJOH LQYHUVHPDWUL[ RSHUD
WLRQ ZLWKRXW DQ\ LWHUDWLRQ RU HUURUFKHFNLQJ DQG LV QRW UHVWULFWHG WR D VSHFLࡼF QXPEHU RI FRO
RUDQWV :DORZLW HW DO  7KLV DSSURDFK UHDUUDQJHV HTXDWLRQ  LQWR D PDWUL[ PXOWLSOLFD
WLRQ ZKHUH DPDWUL[ RI FRQFHQWUDWLRQ YDOXHV LVPXOWLSOLHG E\ DPDWUL[ FRQVLVWLQJ RI WKH UHPDLQLQJ
WHUPV LQ HTXDWLRQ  DQG WKH UHVXOW LV HTXDO WR D PDWUL[ RI ]HURV
ෝǅǍ ෞե  Ǘ֡џǝ֡џ  Ǘ֡ӝǝ֡ӝ  Ǘ֡ӗǝ֡ӗ  ǗֽǝֽǗ֡џǥ֡џ  Ǘ֡ӝǥ֡ӝ  Ǘ֡ӗǥ֡ӗ  Ǘֽǥֽ 
FDQ EH UHDUUDQJHG WR
  Ǘ֡џ ෝǝ֡џ ๣ ǥ֡џ ෝǅǍ ෞեෞǗ֡ӝ ෝǝ֡ӝ ๣ ǥ֡ӝ ෝǅǍ ෞեෞǗ֡ӗ ෝǝ֡ӗ ๣ ǥ֡ӗ ෝǅǍ ෞեෞǗֽ ෝǝֽ ๣ ǥֽ ෝǅǍ ෞեෞ














ZKHUH Ǡ DQG ǟ UHSUHVHQW WKH PLQLPXP DQG PD[LPXP RI WKH VSHFWUDO UDQJH $GGLQJ WKH
ERWWRP URZ RI RQHV WR WKH ]HUR YHFWRU DQG .0 FRHࡺFLHQW PDWUL[ HQVXUHV WKDW WKH VXP RI WKH
FRQFHQWUDWLRQV LV HTXDO WR  ,W DOVR SUHYHQWV WKH ]HUR YHFWRU IURP FDXVLQJ WKH SUREOHP WR EH
LQGHWHUPLQDWH ZLWK LQࡼQLWH VROXWLRQV 7KH PDWUL[ HTXDWLRQ FDQ WKHQ EH UHDUUDQJHG XVLQJ WKH













ZKHUH  GHQRWHV WKH SVHXGRLQYHUVH RSHUDWLRQ 	Ǉ࿊Ǉ
๣џǇ࿊ ZKHUH Ǉ LV D QRQVTXDUH PDWUL[
7KH RQO\ OLPLWDWLRQ RQ WKH QXPEHU RI FRORUDQWV LV WKDW LW FDQQRW EH JUHDWHU WKDQ WKH QXPEHU
RI ZDYHOHQJWKV RU HOVH WKH SUREOHP LV XQGHUGHWHUPLQHG )RU YHU\ ODUJH FRORUDQW VHWV LQFOXGLQJ
XQXVHG FRORUDQWV:DORZLW VXJJHVWHG LWHUDWLYHO\ HOLPLQDWLQJ DQ\ FRORUDQWVZLWK QHJDWLYH FRQFHQ
WUDWLRQV XQWLO WKH VROXWLRQ RQO\ LQFOXGHG QRQQHJDWLYH FRQFHQWUDWLRQV
 LFF0$;
,&& 3URࡼOHV XVH D FRQFHSW FDOOHG WKH 3URࡼOH &RQQHFWLRQ 6SDFH 3&6 WRPDQDJH HQFRGHG FRORU GDWD
VR LW FDQ EH FRQVLVWHQWO\ UHSURGXFHG DFURVV GLಀHUHQW GHYLFHV $Q ,&& 3URࡼOH SURYLGHV FRQYHUVLRQ
EHWZHHQ D GHYLFH RU DQ LPDJH OHࡼ DQG D FRPPRQ 3&6 $ GHYLFH FRXOG EH D GLVSOD\ GHYLFH VXFK
DV D PRQLWRU RU SULQWHU RU D FDSWXUH GHYLFH VXFK DV DQ 5*% FDPHUD ,&& VSHFLࡼFDWLRQV YHUVLRQ
 WKURXJK  DUH OLPLWHG WR D 3&6 ZLWK D VLQJOH LOOXPLQDQW ' REVHUYHU &,(  GHJUHH

2EVHUYHU OLJKWLQJ JHRPHWU\  DQG HLWKHU &,(;<= RU &,(/DE FRORU YDOXHV,&& D
)LJXUH  'LDJUDP IURP ,&& D VKRZLQJ GLಀHUHQW GHYLFHV LQWHUDFWLQJ ZLWK FRPPRQ 3&6
7KH ODWHVW ,&& VSHFLࡼFDWLRQ LFF0D[ ZDV VWDQGDUGL]HG E\ ,62 LQ  ,W KDV PDQ\ PRUH
RSWLRQV IRU WKH FRQQHFWLRQ VSDFH WKDQ SUHYLRXV ,&& VSHFLࡼFDWLRQV $ FRORULPHWULF 3&6 FDQ EH GH
QHGࡼ ZLWK DQ\ REVHUYHU IXQFWLRQV LOOXPLQDQW DQG OLJKWLQJ JHRPHWU\ RU D 3&6 FDQ EH GHࡼQHG WR
XVH VSHFWUDO UHࡽHFWDQFH WUDQVPLWWDQFH RU UDGLDQFH $ QHZ FRQFHSW FDOOHG 0XOWLSOH[LQJ &RQQHF
WLRQ 6SDFHV 0&6 LV DOVR LQFOXGHG WKDW DOORZV IRU \H[LELOLWࡽ LQ WKH QXPEHU DQG WKH PHDQLQJ RI
FKDQQHOV ,&& E
LFF0D[ SURࡼOHV PD\ LQFOXGH D SURJUDPPDEOH FDOFXODWRU HOHPHQW WKDW DOORZV FRPSOH[ OLQ
HDU IXQFWLRQV WR EH GHࡼQHG IRU FRQYHUWLQJ EHWZHHQ FRQQHFWLRQ VSDFHV 7KLV FDOFXODWRU XWLOL]HV
D VWDFNEDVHG SURJUDPPLQJ PRGHO IRU GDWD VWRUDJH DQG RSHUDWLRQV ZKHUH QHZ YDOXHV FDQ EH
SODFHG RQ WKH WRS RI WKH VWDFN DQG WKH WRS YDOXH RU YDOXHV RQ WKH VWDFN FDQ EH RSHUDWHG RQ ,&&

7KH FDOFXODWRU LV OLPLWHG WR WKH OLVW RI PDWKHPDWLFDO RSHUDWLRQV EHORZ





Ȏ H[SRQHQWLDO DQG ORJDULWKPLF IXQFWLRQV
Ȏ WULJRQRPHWULF IXQFWLRQV
Ȏ PLQLPXP DQG PD[LPXP RI DQ DUUD\
Ȏ FRPSDULVRQ IXQFWLRQV OHVV WKDQ JUHDWHU WKDQ HTXDO WR
Ȏ PDWUL[ PXOWLSOLFDWLRQ DQG LQYHUVLRQ
Ȏ PXOWLGLPHQVLRQDO ORRNXS WDEOHV
7KH FDOFXODWRU DOORZV FRQGLWLRQDO VWDWHPWHQWV LIHOVH EXW GRHV QRW DOORZ LWHUDWLYH ORRSV RU DQ\
VRUW RI QRQOLQHDU RSWLPL]DWLRQ ,WHUDWLYH SURFHVVHV FDQ VWLOO EH XVHG EXW D PD[LPXP QXPEHU RI
LWHUDWLRQV QHHGV WR GHWHUPLQHG DQG DQ LI VWDWHPHQW FDQ EH XVHG RQ HDFK LWHUDWLRQ WR FKHFN LI WKH
ORRS FULWHULD KDV EHHQ EURNHQ EHIRUH WKDW PD[LPXP QXPEHU LV UHDFKHG
$ PXOWLSOH[ FRQQHFWLRQ VSDFH FRXOG EH GHVLJQHG IRU VSHFWUDO .0 GDWD RU FRORUDQW FRQFHQ
WUDWLRQ GDWD 7KH FRQYHUVLRQV GHVFULEHG LQ VHFWLRQ  DQG VHFWLRQ  WR WUDQVODWH EHWZHHQ WKRVH




(67,0$7,1* &21&(175$7,21 )25 0,;785(6 :,7+ .12:1
&2/25$176
 2YHUYLHZ
 ([SODQDWLRQ RI $SSURDFK
$EHGˏV DSSURDFK WR SURGXFLQJ FRQFHQWUDWLRQ HVWLPDWHV IURP VSHFWUDO LPDJHV UHOLHG RQ VWDWLVWLFDO
DQDO\VLV RI WKH HQWLUH LPDJH WR LGHQWLI\ ZKLFK FRORUDQWV ZHUH SUHVHQW $IWHU HVWDEOLVKLQJ WKH FRO
RUDQW VHW RI DQ LPDJH :DORZLWˏV VSHFWUDO OHDVWVTXDUHV PDWFKLQJ DOJRULWKPZDV XVHG WR HVWLPDWH
LQLWLDO FRQFHQWUDWLRQ YDOXHV DW HDFK SL[HO IROORZHG E\ D FRQVWUDLQHG QRQOLQHDU RSWLPL]DWLRQ WR
PLQLPL]H RQH RI WKUHH HUURU PHWULFV ƿЁͳ׶ 5HࡽHFWDQFH 506( RU න֋֫ ඲ 506( 7KH SLJPHQW
LGHQWLࡼFDWLRQ DSSURDFKHV XVHG E\ $EHG FDQQRW EH UHSOLFDWHG LQ LFF0$; DV WKH LFF0$; FDOFX
ODWRU FDQQRW FRQVLGHU GDWD IURP PXOWLSOH SL[HOV VLPXOWDQHRXVO\ QRU FDQ LW XVH QRQOLQHDU RSWL
PL]DWLRQ +RZHYHU WKH :DORZLW VSHFWUDO PDWFKLQJ DOJRULWKP XVHG IRU WKH LQLWLDO FRQFHQWUDWLRQ
HVWLPDWH FRXOG EH LPSOHPHQWHG LQ LFF0$; DV FRXOG WKH $OOHQ FRORULPHWULF PDWFKLQJ DOJRULWKP
DVVXPLQJ WKH FRORUDQWV LQ WKH LPDJH DUH NQRZQ
7KH SDLQW .6 GDWDVHW RI  FRORUDQWV DQG WKH VSHFWUDO LPDJH GDWDEDVH RI  SDLQWLQJV ZDV
YDOLGDWHG IRU XVH ZLWK ERWK WKH :DORZLW DQG $OOHQ FRQFHQWUDWLRQ HVWLPDWLRQ DOJRULWKPV 7KH
DFFXUDF\ RI HDFK DOJRULWKPZDV WHVWHG ZLWK WZR DSSURDFKHV D VLPXODWLRQEDVHG DSSURDFK XVLQJ
WKH SDLQW .6 GDWDVHW WR FDOFXODWH VSHFWUDO UHࡽHFWDQFHV DQG DPHDVXUHPHQWEDVHG DSSURDFKXVLQJ
WKH VSHFWUDO UHࡽHFWDQFHV IURP WKH LPDJH GDWDEDVH ,Q DGGLWLRQ WR YHULI\LQJ WKH XVHIXOQHVV RI

WKH WZR DOJRULWKPV IRU WKH DYDLODEOH GDWDVHWV WKLV WHVWLQJ ZLWK NQRZQ FRORUDQWV ZLOO VHUYH DV D
EHQFKPDUN IRU SHUIRUPDQFH RI QHZ DOJRULWKPV WKDW PXVW LGHQWLI\ ZKLFK FRORUDQWV DUH SUHVHQW
LQ D VLQJOH UHࡽHFWDQFH VDPSOH IURP D ODUJHU VHW RI FRORUDQWV SUHVHQWHG LQ FKDSWHU 
7KH VLPXODWLRQEDVHG DSSURDFK XVHG FRORUDQW VHWVZLWK RQH WR VL[ FRORUDQWV SOXVZKLWH IURP
WKH SDLQW න֋֫ ඲ GDWDEDVH )RU HDFK VHW VL]H WHQWKRXVDQG VSHFWUDO UHࡽHFWDQFH VDPSOHV ZHUH JHQ
HUDWHG IURP UDQGRPL]HG FRPELQDWLRQV RI FRORUDQWV DQG FRQFHQWUDWLRQV XVLQJ .0 WKHRU\ 7KLV
FDOFXODWHG VSHFWUDO UHࡽHFWDQFH ZDV WUHDWHG DV JURXQGWUXWK GDWD 7KH WZR FRQFHQWUDWLRQ HVWLPD
WLRQ DOJRULWKPV ZHUH DSSOLHG WR HDFK RI WKH VDPSOHV XVLQJ WKH NQRZQ FRORUDQW DEVRUSWLRQ DQG
VFDWWHULQJ YDOXHV IRU HDFK VHW .0 WKHRU\ ZDV DJDLQ XVHG WR FRQYHUW HVWLPDWHG FRQFHQWUDWLRQV
WR HVWLPDWHG VSHFWUDO UHࡽHFWDQFH
7KH $OOHQ DOJRULWKP XVHV FRORU PDWFKLQJ IXQFWLRQV &0)V WR SURGXFH SVHXGRWULVWLPXOXV
YDOXHV LQ .0 VSDFH 7KH DOJRULWKP DV GHVFULEHG E\ $OOHQ DQG E\ %HUQV UHTXLUHV H[DFWO\ WKUHH
GHJUHHV RI IUHHGRP ZKLFK LQ WKH FDVH RI SDLQW PL[LQJ LV DFKLHYHG ZLWK IRXU SDLQWV HJ ZKLWH
SDLQW  WKUHH FKURPDWLF SDLQWV DQG WKUHH FRORU PDWFKLQJ IXQFWLRQV 7KLV FUHDWHV D VTXDUH [
PDWUL[ RI SVHXGRWULVWLPXOXV YDOXHV WKDW FDQ EH LQYHUWHG WR VROYH IRU FRQFHQWUDWLRQ YDOXHV 7R
H[SDQG WKLV WR FDVHV ZLWK IRXU RU PRUH FKURPDWLF SDLQWV DGGLWLRQDO FRORU PDWFKLQJ IXQFWLRQV
ZHUH DGGHG WR PDLQWDLQ D VTXDUHPDWUL[ 7KH &0)V RI ERWK WKH VWDQGDUG GHJUHH DQG GHJUHH
REVHUYHUV ZHUH XVHG LQ WKLV DQDO\VLV IRU XS WR VL[ &0)V DOORZLQJ IRU XS WR VL[ FKURPDWLF SDLQWV
ZLWK WKH QXPEHU RI &0)V PDWFKLQJ WKH QXPEHU FRORUDQWV 6LQFH WKH QXPEHU RI FRORUDQWV DQG
&0)V LV QRW OLPLWHG WR WKUHH LQ WKLV DQDO\VLV WKH WHUP ˑFRORU PDWFKLQJ YDOXHV˒ZLOO EH XVHG KHUH
LQVWHDG RI ˑSVHXGRWULVWLPXOXV YDOXHV˒
7KH PHDVXUHPHQWEDVHG DSSURDFK XVHG  VSHFWUDO UHࡽHFWDQFH LPDJHV RI SDLQWLQJV ZLWK XS
WR VL[ FRORUDQWV SOXV ZKLWH 7KH PHDVXUHG VSHFWUDO UHࡽHFWDQFH IURP WKH LPDJHV ZDV WUHDWHG DV
JURXQGWUXWK DQG FRQFHQWUDWLRQ HVWLPDWH LPDJHV ZHUH SURGXFHG IURP WKDW VSHFWUDO GDWD XVLQJ
ERWK WKH :DORZLW DQG $OOHQ DOJRULWKPV $V LQ WKH VLPXODWLRQEDVHG DSSURDFK WKH FRQFHQWUDWLRQ

HVWLPDWH LPDJHV ZHUH WKHQ FRQYHUWHG EDFN WR HVWLPDWHG VSHFWUDO UHࡽHFWDQFH XVLQJ .0 WKHRU\
)RU ERWK WKH VLPXODWLRQ DQG PHDVXUHPHQW DSSURDFKHV VSHFWUDO 506 HUURU EHWZHHQ WKH HVWL
PDWHG UHࡽHFWDQFH DQG WKH JURXQGWUXWK UHࡽHFWDQFH ZDV XVHG WR TXDQWLI\ SHUIRUPDQFH RI WKH
FRQFHQWUDWLRQ HVWLPDWLRQ DOJRULWKP
)LJXUH  'LDJUDP RI VLPXODWLRQ EDVHG DSSURDFK DQG PHDVXUHPHQW EDVHG DSSURDFK
 &KRRVLQJ DQ (UURU 0HWULF
6SHFWUDO 506 ZDV FKRVHQ RYHU FRPSDULQJ JURXQGWUXWK FRQFHQWUDWLRQ WR HVWLPDWHG FRQFHQWUD
WLRQ IRU VHYHUDO UHDVRQV )LUVW QR WUXH JURXQGWUXWK FRQFHQWUDWLRQ GDWD H[LVWV IRU WKH PHDVXUHG
VSHFWUDO GDWD $EHG GLG H[WUDFW HVWLPDWHG FRQFHQWUDWLRQ YDOXHV IURP WKH VSHFWUDO LPDJHV LQ $EHG
 EXW WKH DFFXUDF\ RI WKHVH FRQFHQWUDWLRQ LPDJHV LV OLPLWHG E\ VHYHUDO VRXUFHV RI HUURU LQ WKH
VSHFWUDO LPDJLQJ V\VWHP DQG E\ WKH IDFW WKDW WKH .0 HTXDWLRQV DUH DQ DSSUR[LPDWLRQ RI DFWXDO
SDLQW PL[LQJ LQFOXGLQJ WKH IDOVH DVVXPSWLRQ WKDW WKH 6DXQGHUVRQ FRHࡺFLHQWV XVHG LQ .0 DUH
XQLIRUP IRU DOO SDLQWV ZDYHOHQJWKV DQG FRQFHQWUDWLRQV
7KH VHFRQG UHDVRQ IRU DYRLGLQJ D FRPSDULVRQ RI HVWLPDWHG DQG JURXQGWUXWK FRQFHQWUDWLRQ
LV WKDW WKH LPSDFW RI D JLYHQ DPRXQW RI FRQFHQWUDWLRQ HUURU FDQ EH YDVWO\ GLಀHUHQW GHSHQGLQJ
RQ WKH SDLQW DQG DEVROXWH FRQFHQWUDWLRQ )RU H[DPSOH WKH GLಀHUHQFH EHWZHHQ SXUH ZKLWH SDLQW
DQG D PL[WXUH RI  ZKLWH ZLWK  SWKDOR EOXH LV  ƿաա׶ DQG  VSHFWUDO 506( ZKLOH

DGGLQJ WKH VDPH FRQFHQWUDWLRQ RI \HOORZ RFKUH WR SXUH ZKLWH FDXVHV RQO\ D  ƿաա׶ FKDQJH
DQG  VSHFWUDO 506( VHH JXUHࡼ 






















)LJXUH  6SHFWUDO UHࡽHFWDQFH FKDQJH GXH WR HTXDO DGGLWLRQV RI WZR GLಀHUHQW FKURPDWLF SDLQWV WR SXUH ZKLWH
/DVWO\ WKH VSHFWUDO LPDJLQJ V\VWHP XVHG E\ $EHG ZDV ULJRURXVO\ FKDUDFWHUL]HG ZLWK SDLQW
EDVHG FRORU FKDUWV DQG WKH VSHFWUDO UHࡽHFWDQFH 506( RI WKH V\VWHP ZDV FDOFXODWHG DJDLQVW D
VSHFWURSKRWRPHWHU IRU WKRVH SDLQWV 7KHVH HUURU YDOXHV JLYH VRPH FRQWH[W IRU WKH RSWLPDO VSHF
WUDO 506( WKDW FRXOG EH H[SHFWHG IURP WKH PHDVXUHPHQWEDVHG DSSURDFK
 6HWWLQJ (UURU 7KUHVKROG IRU $OOHQ $OJRULWKP
7KH $OOHQ DOJRULWKP LWHUDWHV XQWLO WKH FRORUPDWFKLQJ YDOXH HUURU EHWZHHQ WKH VDPSOH DQG UHFRQ
VWUXFWHG UHࡽHFWDQFH GURSV EHORZ D WKUHVKROG 7KLV WKUHVKROG ZDV VHW EDVHG RQ WKH HUURU FKDUDF
WHUL]DWLRQ RI WKH LPDJLQJ V\VWHP E\ $EHG ZLWK DQ DYHUDJH RI  VSHFWUDO UHࡽHFWDQFH 506(
7R GHWHUPLQH D UHDVRQDEOH FRORUPDWFKLQJ YDOXH HUURU WKUHVKROG D ODUJH VHW RI UDQGRPL]HG VSHF
WUDO VDPSOHV ZDV JHQHUDWHG HDFK ZLWK 506( RI  IURP D UHIHUHQFH ZLWK VSHFWUDO UHࡽHFWDQFH
HTXDO WR  DW DOO ZDYHOHQJWKV 7KHPD[ FRORU PDWFKLQJ YDOXH HUURU IRU WKH VL[ FRORU PDWFKLQJ
IXQFWLRQV GHJUHH DQG GHJUHH VWDQGDUG REVHUYHUV ZDV FDOFXODWHG EHWZHHQ WKH UHIHUHQFH

DQG HDFK UDQGRPL]HG VDPSOH 7KH PHGLDQ FRORU PDWFKLQJ YDOXH HUURU ZDV  DQG VW SHU
FHQWLOH RI WKH FRORU PDWFKLQJ YDOXH HUURU ZDV  7KH LWHUDWLRQ WKUHVKROG ZDV VHW WR 
PHDQLQJ WKDW LQ RYHU  RI FDVHV WKH WKUHVKROG ZRXOG QRW H[FHHG WKH HUURU RI WKH LPDJLQJ V\V
WHP
)LJXUH  +LVWRJUDP RI FRORU PDWFKLQJ YDOXH HUURUV FDOFXODWHG XVLQJ  VDPSOHV ZLWK UDQGRPL]HG VSHFWUDO YDO
XHV ZLWK 506( HTXDO WR WKH LPDJLQJ V\VWHPȆV 506(
 6LPXODWLRQ 5HVXOWV
 7HVWLQJ $OJRULWKP 3DUDPHWHU 9DOXHV
)RU WKH $OOHQ DOJRULWKP PXOWLSOH LOOXPLQDQWV ZHUH WHVWHG ZLWK QR QRWDEOH LPSDFW RQ WKH UHVXOW
'LಀHUHQW FRPELQDWLRQV RI WKH ɡǪ ɡǫ ɡǬ IXQFWLRQV RI WKH WZR DQG WHQGHJUHH VWDQGDUG REVHUYHUV ZHUH
WHVWHG IRU VHWV RI  WR  FRORUDQWV DOVR KDYLQJ QR QRWDEOH HಀHFW 7KLV DQDO\VLV VKRZV WKDW WKH
LOOXPLQDQW DQG &0) WHUPV RI WKH$OOHQ DOJRULWKPDUH RI OLWWOH FRQVHTXHQFHZKHQ DQ H[DFW VSHFWUDO
PDWFK LV SRVVLEOH DQG WKH FRORUDQWV UHTXLUHG WRPDNH WKDWPDWFK DUH NQRZQ 7KH LOOXPLQDQW WHUP
FDQEH UHPRYHG HQWLUHO\ DQG WKH VSHFWUDO UHVSRQVH YDOXHV RI WKH &0)V DUH H[LEOHࡽ 7KH DOJRULWKP
GLG QRW H[FHHG WKH HUURU WKUHVKROG ZLWK WKH LQLWLDO FRQFHQWUDWLRQ HVWLPDWHV VR LWHUDWLRQ ZDV QRW

QHHGHG IRU WKH VLPXODWLRQEDVHG DSSURDFK
Allen Algorithm applied to 10,000 Random Concentration Samples
































































































)LJXUH  0HDQ 506( EHWZHHQ JURXQG WUXWK UHࡽHFWDQFH DQG VSHFWUDO UHFRQVWUXFWLRQ XVLQJ $OOHQ DOJRULWKP FRQFHQ
WUDWLRQV LV OHVV ( UHJDUGOHVV RI ZKLFK FRPELQDWLRQ RI &0)V DUH XVHG
0D[ 6SHFWUDO 5HࡽHFWDQFH 506(
1XPEHU RI &RORUDQWV      
$OOHQ $OJRULWKP 
' ,OOXPLQDQW
( ( ( ( ( (
$OOHQ $OJRULWKP 
1R ,OOXPLQDQW
( ( ( ( ( (
:DORZLW $OJRULWKP ( ( ( ( ( (
7DEOH  0D[ VSHFWUDO 506 HUURU RI  VDPSOHV SHU FRORUDQW VHW VL]H ZLWK UDQGRPL]HG FRQFHQWUDWLRQV IRU $OOHQ
DQG :DORZLW DOJRULWKP
 $OOHQ 	:DORZLW $OJRULWKP 3HUIRUPDQFH
)RU WKH VLPXODWLRQEDVHG DSSURDFK ERWK WKH:DORZLW DQG $OOHQ DOJRULWKPV UHVXOWHG LQ QHDU]HUR
HUURU IRU DOO VL[W\WKRXVDQG UDQGRPL]HG VHWV WHQWKRXVDQG SHU VHW VL]H "" VKRZV WKH PHDQ DQG
PD[LPXP HUURUV IRU HDFK VHW VL]H DFURVV DOO WHQWKRXVDQG UDQGRPL]HG FRQFHQWUDWLRQ VHWV 7KLV
YDOLGDWHV WKDW WKH LPSOHPHQWDWLRQ RI ERWK DOJRULWKPV IXQFWLRQHG FRUUHFWO\ ZKHQ DOO DVVXPSWLRQV

PDGH E\ WKH .0 PRGHO DUH WUHDWHG DV WUXH DQG QR H[WHUQDO VRXUFHV RI HUURU FRXOG DಀHFW WKH
FDOFXODWLRQV
 6SHFWUDO ,PDJH 0HDVXUHPHQW 5HVXOWV
 'HWHUPLQLQJ 0D[ ,WHUDWLRQV IRU WKH $OOHQ $OJRULWKP
8QOLNH LQ WKH VLPXODWLRQEDVHG DSSURDFK WKH LQLWLDO FRQFHQWUDWLRQV HVWLPDWHG E\ WKH $OOHQ DOJR
ULWKP XVXDOO\ H[FHHGHG WKH HUURU WKUHVKROG RI  PHDQLQJ LWHUDWLRQ ZDV XVHG LQ PRVW FDVHV
6LQFH LFF0$; GRHV QRW DOORZ ORRSLQJ D HG]ࡼ QXPEHU RI PD[LPXP LWHUDWLRQV PXVW EH XVHG 7R
GHWHUPLQH WKH RSWLPDO QXPEHU RI PD[ LWHUDWLRQV D VXEVHW RI WKH VSHFWUDO LPDJHV ZLWK GLಀHUHQW
FRORUDQWV ZHUH WHVWHG ZLWK XS WR  LWHUDWLRQV IRU HDFK SL[HO 7KH DYHUDJH VSHFWUDO 506 ZDV
FDOFXODWHG ZLWK WKH PD[ DOORZDEOH QXPEHU RI LWHUDWLRQV VHW IURP  WR 
7KH VSHFWUDO 506 GRHV GHFUHDVH ZLWK  LWHUDWLRQ DIWHU WKH LQLWLDO FRQFHQWUDWLRQV DUH FDOFX
ODWHG EXW IXUWKHU LWHUDWLRQV GR QRW FRQVLVWHQWO\ LPSURYH WKH HVWLPDWH 7KH LPSURYHPHQW IURP
D VLQJOH LWHUDWLRQ PDNHV VHQVH EHFDXVH WKH LQLWLDO FRQFHQWUDWLRQV DUH HVWLPDWHG XVLQJ .0 FR
HࡺFLHQWV DV .0 FRHࡺFLHQWV FDQQRW EH GHULYHG IURP D VLQJOH UHࡽHFWDQFH VDPSOH 2QFH LQLWLDO
FRQFHQWUDWLRQV DUH HVWLPDWHG WKH VFDWWHULQJ DQG DEVRUSWLRQ FRHࡺFLHQWV RI WKH VDPSOH XVHG LQ
WKH LQYHUVHPDWUL[PXOWLSOLFDWLRQ FDQ EH LQGHSHQGHQWO\ FDOFXODWHG EDVHG RQ WKH .0 FRHࡺFLHQWV
RI WKH FRORUDQWV
 $OOHQ 	:DORZLW $OJRULWKP 3HUIRUPDQFH
7KH UHVXOWV RI WKH :DORZLW DSSURDFK IRU WKH PHDVXUHG LPDJHV DUH VLPLODU WR $EHGˏV LQLWLDO FRQ
FHQWUDWLRQ HVWLPDWHV ZKHQ $EHGˏV SLJPHQW LGHQWLࡼFDWLRQ VWHS ZDV VXFFHVVIXO SULRU WR DQ\ QRQ
OLQHDU RSWLPL]DWLRQ 7KH QRQOLQHDU RSWLPL]DWLRQ VWHS ZDV PRVW XVHIXO LQ FDVHV ZLWK ODUJHU FRO
RUDQW VHWV 7KH :DORZLW DQG $OOHQ DOJRULWKPV KDG VLPLODU UHVXOWV WR $EHGˏV VSHFWUDO 506 RSWL

PL]DWLRQ DSSURDFK IRU LPDJHV WKDW RQO\ XVHG  FRORUDQWV &RPSDULQJ WKH DYHUDJH 506( RI HDFK
HQWLUH LPDJH WR $EHGȆV UHVXOWV GDVKHG OLQHV LQ JXUHࡼ  WKH $OOHQ DOJRULWKP EHJDQ WR IDLO RQ
LPDJHV WKDW XVHG  FRORUDQWV ZKLOH WKH :DORZLW VRPHWLPHV IDLOHG IRU PDQ\ SL[HOV ZKHQ FRQVLG
HULQJ  RU  FRORUDQWV
Allen Colorimetric Match Algorithm
Chromatic Paints: 3 Chromatic Paints: 4 Chromatic Paints: 5 Chromatic Paints: 6
Unmixing Algorithm Results for 






























































































































































































Mean of All Pixels 90th Percentile of All Pixels
)LJXUH  &RPSDULVRQ RI $OOHQ DOJRULWKP 	:DORZLW DOJRULWKP VRUWHG E\ QXPEHU RI FRORUDQWV LQ WKH LPDJH 'DVKHG
OLQHV UHSUHVHQW $EHGȆV HUURU UHVXOWV IRU DOO LPDJHV
/DUJH VHWV ZLWK VSHFWUDOO\ VLPLODU FRORUDQWV FDXVHG WKH ELJJHVW SUREOHPV IRU ERWK DOJRULWKPV
:LWK FRORUDQWV VHWV RI  RU  FRORUDQWV RIWHQ RQO\ D VXEVHW RI WKRVH FRORUDQWV ZHUH SUHVHQW DW
D JLYHQ SL[HO $WWHPSWLQJ WR PDWFK D PL[WXUH ZLWK XQQHFHVVDU\ FRORUDQWV LQFOXGHG LQ WKH VHW
FDQ FDXVH WKH FRQFHQWUDWLRQ HVWLPDWHV RI  RU PRUH VLPLODU FRORUDQWV WR RಀVHW RQH DQRWKHU ZLWK
ODUJH QHJDWLYH DQG SRVLWLYH FRQFHQWUDWLRQV 7KH PRUH FRORUDQWV LQ D VHW WKH PRUH OLNHO\ LW LV
WKDW SUREOHPDWLF JURXSV RI VLPLODU FRORUDQWV ZLOO EH LQFOXGHG (YHQ LI D FRORUDQW LV VXࡺFLHQWO\

GLVWLQFW IURP HDFK RI WKH RWKHU FRORUDQWV LQGLYLGXDOO\ LW PD\ EH VLPLODU WR D PL[WXUH RI VHYHUDO
RWKHU FRORUDQWV






























Most Similar Pseudo-Reflectance Term
of Low & High Error Pixels
Carbon Black - High Error Pixel (17% RMSE)
Pyrrole Red
Yellow Ochre - Low Error Pixel (<1%)
Ultramarine Blue
)LJXUH  ([DPSOHV RI WKH PRVW VLPLODU FRORUDQWVȆ VSHFWUDO SVHXGRUHࡽHFWDQFH VHH HTXDWLRQ  IRU ORZ DQG KLJK
HUURU UHVXOWV ZLWK WKH $OOHQ DOJRULWKP 7KLV YDOXH LV EDVHG ERWK RQ WKH FRORUDQWȆV DEVRUSWLRQ DQG VFDWWHULQJ DQG WKH
PL[WXUHȆV LQWHUQDO UHࡽHFWDQFH
)RU ERWK DOJRULWKPV ZKHQQHJDWLYH FRQFHQWUDWLRQVZHUH HVWLPDWHG WKH\ZRXOG EH FOLSSHG WR
 DQG WKH UHPDLQLQJ FRQFHQWUDWLRQV LQFOXGLQJZKLWH ZRXOG EH VFDOHG VR WKHLU VXPZDV HTXDO WR
 )RU HVWLPDWHV ZLWK VPDOO QHJDWLYH YDOXHV WKLV FOLSSLQJ SURFHGXUH RIWHQ ZRUNHG ZHOO /DUJH
QHJDWLYH YDOXHV LQGLFDWHG IDLOXUH RI WKH DOJRULWKP WR DVVLJQ WKH FRUUHFW FRORUDQWV DQG UHVXOWHG LQ
VSHFWUDO UHFRQVWUXFWLRQV WKDW GLG QRW UHVHPEOH WKH PHDVXUHG UHࡽHFWDQFH DW DOO
 :DORZLW $OJRULWKP0RGLࡼFDWLRQV
7R DVVHVV WKH VLPLODULW\ RI FRORUDQWV LQ WKH FRQWH[W RI WKH :DORZLW DOJRULWKP DQG YHULI\ LW LV D
VRXUFH RI HUURU FRUUHODWLRQEHWZHHQ WKH WHUPXVHG LQ WKH .0 OHDVWVTXDUHV FDOFXODWLRQ෇ǝ֡˷ވ ๣ ǥ֡˷ވ න֋֫ ඲ե˷ވ෈
IRU HDFK FRORUDQW FDQ EH XVHG 6LQFH WKLV WHUP LV EDVHG RQ ERWK WKH LQGLYLGXDO FRORUDQWVȆ DQG WKH

UHIHUHQFH PL[WXUHȆV VSHFWUDO SURSHUWLHV KLJK FRUUHODWLRQ EHWZHHQ WZR FRORUDQWV LQGLFDWHV WKDW
WKH\ ZRXOG FRQWULEXWH WR RU FKDQJH WKH UHIHUHQFH PL[WXUH LQ VLPLODU ZD\V &RORUDQWV ZLWK ODUJH
QHJDWLYH FRQFHQWUDWLRQ HVWLPDWHV XVXDOO\ KDYH D VWURQJ FRUUHODWLRQ WR DW OHDVW RQH RWKHU FRORUDQW
DOWKRXJK VWURQJ FRUUHODWLRQ GRHV QRW DOZD\V OHDG WR D QHJDWLYH YDOXH DQG LPDJHV WKDW KDYH
VWURQJHU FRUUHODWLRQV EHWZHHQ FRORUDQWV WHQG WR KDYH KLJKHU DYHUDJH 506( EHWZHHQ WKH UHIHU
HQFH DQG UHFRQVWUXFWHG UHࡽHFWDQFH
)LJXUH  0LQLPXP FRQFHQWUDWLRQ DW SL[HOȆV ZLWK QHJDWLYH FRQFHQWUDWLRQV EHIRUH FOLSSLQJ YV PD[ FRUUHODWLRQ RI
OHDVWVTXDUHV VSHFWUDO WHUP HTXDWLRQ  EHWZHHQ WKDW PLQLPXP FRORUDQW DQG WKH RWKHU FRORUDQWV
,Q :DORZLW HW DO  LW LV VXJJHVWHG WKDW LQ FDVHV ZKHUH VLPLODU FRORUDQWV SURGXFH QHJ
DWLYH FRQFHQWUDWLRQ YDOXHV VLPSO\ HOLPLQDWLQJ WKH FRORUDQWV ZLWK QHJDWLYH FRQFHQWUDWLRQV UH
FDOFXODWLQJ WKH OHDVWVTXDUHV EHVW Wࡼ DQG UHSHDWLQJ XQWLO WKHUH DUH QR QHJDWLYH FRQFHQWUDWLRQV
PD\ SURGXFH D JRRG UHVXOW
$OWHUQDWLYHO\ D EUXWHIRUFH FRPELQDWRULDO PHWKRG FRXOG EH XVHG ZKHUH WKH OHDVWVTXDUHV
EHVWࡼW LV FDOFXODWHG IRU HDFK SRVVLEOH VXEVHW RI FRORUDQWV 1HJDWLYH YDOXHV DUH FOLSSHG WR ]HUR

DQG WKH VXEVHW ZKRVH UHFRQVWUXFWHG UHࡽHFWDQFH KDV WKH ORZHVW 506( IURP WKH UHIHUHQFH UH
HFWDQFHࡽ LV VHOHFWHG 7KLV PHWKRG QGVࡼ WKH EHVWFDVH VFHQDULR IRU D VSHFWUDO PDWFK WR WKH UHI
HUHQFH PL[WXUH DW HDFK SL[HOV )RU GHWHUPLQLQJ ZKLFK FRORUDQWV DUH SUHVHQW DW D JLYHQ SL[HO LQ
WKH VSHFWUDO LPDJH WKH UHVXOWV RI WKH FRPELQDWRULDO PHWKRG DUH WKH EHVW HVWLPDWH
,Q IXUWKHU DQDO\VLV RI FRQFHQWUDWLRQ HVWLPDWLRQ DOJRULWKPV WKH UDWLR RI SL[HOV KDYLQJ WKH
FRUUHFW FRORUDQWV ZLOO EH XVHG WR HYDOXDWH WKH DFFXUDF\ RI DQ DOJRULWKP LQ DGGLWLRQ WR UHࡽHFWDQFH
506( 7KH EHVWFDVH FRPELQDWRULDO UHVXOW ZLOO EH XVHG WR GHWHUPLQH WKH FRUUHFW FRORUDQWV IRU
HDFK SL[HO $Q DOJRULWKP PLJKW HVWLPDWH QHJOLJLEOH EXW QRQ]HUR FRQFHQWUDWLRQ YDOXHV IRU VRPH
LQFRUUHFW FRORUDQWV VR WKH UHVXOW ZLOO EH GHHPHG WR KDYH WKH FRUUHFW FRORUDQWV LI WKH ODUJHVW 1
FRQFHQWUDWLRQV FRUUHVSRQG WR WKH FRUUHFW FRORUDQWV ZKHUH 1 LV WKH QXPEHU RI FRORUDQWV ZLWK
SRVLWLYH FRQFHQWUDWLRQV DFFRUGLQJ WR WKH FRPELQDWRULDO PHWKRG
7KH QHJDWLYH HOLPLQDWLRQ PHWKRG VXJJHVWHG LQ :DORZLW HW DO  LPSURYHG UHࡽHFWDQFH
506( LQ PRVW LPDJHV EXW VOLJKWO\ LQFUHDVHG 506( LQ RWKHUV 7KH PHWKRG RFFDVLRQDOO\ HOLPL
QDWHG FRORUDQWV WKDW VKRXOG KDYH EHHQ SUHVHQW DFFRUGLQJ WR WKH FRPELQDWRULDO PHWKRG EXW LGHQ
WLࡼHG WKH FRUUHFW FRORUDQWV LQ  RI SL[HOV DFURVV DOO  LPDJHV 7KH IDOVH QHJDWLYHV ZHUH PRUH
FRPPRQ IRU LPDJHV ZLWK PRUH FRORUDQWV DQG LPDJHV WKDW KDG KLJKHU FRUUHODWLRQ EHWZHHQ FRO
RUDQWV
 $OOHQ $OJRULWKP0RGLࡼFDWLRQ
:KHQFDOFXODWLQJ FRQFHQWUDWLRQV IRU VLPXODWHGPL[WXUHVZLWK WKH$OOHQ DOJRULWKP LQ VHFWLRQ 
LW ZDV VKRZQ WKDW FKRRVLQJ GLಀHUHQW FRORU PDWFKLQJ IXQFWLRQV KDG QR EHDULQJ RQ WKH UHVXOW 7KH
JRDO RI SURGXFLQJ DFFXUDWH FRQFHQWUDWLRQ HVWLPDWHV UHVXOWLQJ LQ ORZ VSHFWUDO 506( EHWZHHQ D
UHIHUHQFH DQG VSHFWUDO UHFRQVWUXFWLRQ GRHV QRW UHTXLUH FRQVLGHUDWLRQ RI WKH KXPDQ YLVXDO V\V
WHP VR &0)V XVHG LQ WKH $OOHQ DOJRULWKP GR QRW QHHG WR EH EDVHG RQ KXPDQ YLVLRQ DQG SHUKDSV
VKRXOG QRW EH FDOOHG FRORU PDWFKLQJ IXQFWLRQV EXW WKDW WHUPZLOO FRQWLQXH WR EH XVHG IRU VLPSOLF

Negative Elimination Method:
Frequency of False Negatives
1 2 3 4 5

































)LJXUH  5DWLR RI SL[HOV EHWZHHQ DOO LPDJHV WKDW KDYH IDOVH QHJDWLYHV WKDW DUH UHPRYHG E\ WKH QHJDWLYH HOLPLQD
WLRQ PHWKRG *URXQG WUXWK FRORUDQWV DUH EDVHG RQ WKH FRPELQDWRULDO PHWKRG 3L[HOV ZLWK  FRORUDQWV KDYH D ORZHU
SHUFHQWDJH RI IDOVH QHJDWLYHV EXW WKHUH DUH DOVR IDU IHZHU RI WKHVH SL[HOV WKDQ WKHUH DUH SL[HOV ZLWK  WR  FRORUDQWV
LW\ 7KH RQO\ FULWHULD IRU WKHVH &0)V LV WKDW WKH\ SURGXFH DFFXUDWH FRQFHQWUDWLRQ HVWLPDWHV
7KH .0 YHUVLRQ RI WKH $OOHQ DOJRULWKP FDOFXODWHV D VLQJOH VHW RI VSHFWUDO YDOXHV FDOOHG
SVHXGRUHࡽHFWDQFH LQ WKLV ZRUN IRU HDFK FRORU XVLQJ HTXDWLRQ  7KH FRORU PDWFKLQJ IXQF
WLRQV DUH DSSOLHG WR WKH SVHXGRUHࡽHFWDQFHV WR SURGXFH 1 FRORU PDWFKLQJ YDOXHV IRU HDFK FDQ
GLGDWH FRORUDQW ZKHUH 1 LV WKH QXPEHU RI &0)V DQG DOVR WKH QXPEHU RI FDQGLGDWH FRORUDQWV
7KLV FUHDWHV DQ 1[1PDWUL[ RI FRORU PDWFKLQJ YDOXHV IRU HDFK FRORUDQW 7KH 1[1PDWUL[ RI FRORU
PDWFKLQJ YDOXHV LV WKHQ LQYHUWHG DQG PXOWLSOLHG E\ WKH FRORU PDWFKLQJ YDOXHV RI WKH VDPSOH WR
HVWLPDWH WKH FRORUDQW FRQFHQWUDWLRQV WR SURGXFH WKDW VDPSOH
,Q DQ DWWHPSW WR DGGUHVV WKH SUREOHP RI VSHFWUDOO\ VLPLODU FRORUDQWV D YHUVLRQ RI WKH $OOHQ DO
JRULWKPZDV FUHDWHGZKHUH WKH &0)VZHUH FDOFXODWHG GLUHFWO\ IURP WKH YDULDQFH EHWZHHQ WKH FRO
RUDQWVȆ SVHXGRUHࡽHFWDQFH UDWKHU WKDQ EHLQJ EDVHG RQ KXPDQ YLVLRQ 7KH FRORUDQWV DUH JURXSHG
LQWR DOO SRVVLEOH VXEVHWV RI VL]H 1 UHVXOWLQJ LQ 1 WRWDO VXEVHWV ZKHUH 1 LV WKH QXPEHU RI FRO

&RQFHQWUDWLRQ (VWLPDWLRQ $OJRULWKP (UURU ZLWK .QRZQ &RORUDQWV
0HDQ 5HࡽHFWUDQFH 506(
1XPEHU RI &KURPDWLF 3DLQWV    
$OOHQ  6WDQGDUG &0)V    
$OOHQ  9DULDQFH &0)V    
:DORZLW    
:DORZLW ZLWK 1HJDWLYH (OLPLQDWLRQ    
3L[HOV ZLWK &RUUHFW 3DLQWV 6HOHFWHG
1XPEHU RI &KURPDWLF 3DLQWV    
$OOHQ  6WDQGDUG &0)V    
$OOHQ  9DULDQFH &0)V    
:DORZLW    
:DORZLW ZLWK 1HJDWLYH (OLPLQDWLRQ    
7DEOH  5HVXOWV RI RULJLQDO DQG PRGLࡼHG :DORZLW DQG $OOHQ DOJRULWKPV IRU VSHFWUDO LPDJHV ZLWK XS WR  NQRZQ
FRORUDQWV
RUDQWV 7KH VSHFWUDO YDULDQFH EHWZHHQ WKH SVHXGRUHࡽHFWDQFH YDOXHV RI HDFK VXEVHW LV WDNHQ
WR FUHDWH 1 FRORU PDWFKLQJ IXQFWLRQV 7KHVH &0)V KDYH KLJK VSHFWUDO UHVSRQVH DW ZDYHOHQJWKV
ZKHUH WKH FRORUDQWV DUH PRVW GLಀHUHQW IURP RQH DQRWKHU DQG ORZ VSHFWUDO UHVSRQVH ZKHUH WKH\
DUH VLPLODU 7KLV FUHDWHV PRUH VHSDUDWLRQ EHWZHHQ WKH FRORU PDWFKLQJ YDOXHV SURGXFHG E\ VLPL
ODU FRORUDQWV
7KH $OOHQ DOJRULWKP ZLWK YDULDQFHEDVHG &0)V UHVXOWHG LQ LPSURYHG UHVXOWV IRU DOPRVW DOO
SL[HOV LQ DOO LPDJHV FRPSDUHG WR WKH LPSOHPHQWDWLRQ XVLQJ WKH  DQG  VWDQGDUG REVHUYHU
&0)VW ZKLFK RIWHQ IDLOHG ZKHQ PRUH WKDQ  FRORUDQWV ZHUH SUHVHQW

ࣔ࢖࣑ࣟࡾࢦ& 
(67,0$7,1* &21&(175$7,21 )25 0,;785(6 :,7+ 81.12:1
&2/25$176
 2YHUYLHZ
 &KDOOHQJHV RI D /DUJH 3DLQW 'DWDEDVH
$ OLQHDU DOJRULWKP WKDW LGHQWLࡼHVZKLFKSDLQWV DUH SUHVHQW LQ DPL[WXUH IURPD ODUJH SDLQW GDWDEDVH
WKHQ FDOFXODWHV WKHLU FRQFHQWUDWLRQV ZRXOG EH DQRYHO GHYHORSPHQW ([SDQGLQJ IURPD UHODWLYHO\
VPDOO VHW RI NQRZQ FRORUDQWV DV GLVFXVVHG LQ WKH FKDSWHU  WR D ODUJHU GDWDEDVH WKDW PD\ LQFOXGH
PDQ\ XQXVHG FRORUDQWV IRU HDFK PL[WXUH LQWURGXFHV VHYHUDO GLࡺFXOWLHV 7KH OLNHOLKRRG DQG IUH
TXHQF\ RI VSHFWUDOO\ VLPLODU FRORUDQWV LQFUHDVHV DV PRUH FDQGLGDWH FRORUDQWV DUH LQFOXGHG ZRUV
HQLQJ WKH SUREOHPV GHVFULEHG VHFWLRQ  $EHG  XVHG PXOWLSOH OLQHDU DQG QRQOLQHDU
RSWLPL]DWLRQ PHWKRGV WKDW RSHUDWHG RQ DQ HQWLUH LPDJH RI VDPSOH PL[WXUHV VLPXOWDQHRXVO\ WR
LGHQWLI\ WKH PRVW OLNHO\ SLJPHQWV SUHVHQW DFURVV DOO WKH PL[WXUHV LFF0$; GRHV QRW DOORZ WKH XVH
PXOWLSL[HO SURFHVVLQJ VR FRORUDQW LGHQWLࡼFDWLRQ KDV WR EH WUHDWHG DV DQ LQGHSHQGHQW SUREOHP
IRU HDFK LQGLYLGXDO PL[WXUH
 ([SODQDWLRQ RI $SSURDFK
7KHPRGLࡼFDWLRQV WR WKH$OOHQ DQG:DORZLW DOJRULWKPV GLVFXVVHG LQ VHFWLRQ  DQG VHFWLRQ 
DUH XVHG LQ WKLV FKDSWHU DV D VWDUWLQJ SRLQW IRU GHYHORSLQJ D PHWKRG RI FRQFHQWUDWLRQ HVWLPDWLRQ
WKDW LV DFFXUDWHZKHQ FRQVLGHULQJ D GDWDEDVHZLWK VHYHUDO RUPDQ\ XQXVHG FRORUDQWV 7KH OLPLWD

WLRQV LPSRVHG E\ LFF0$; PD\ SUHYHQW D PHWKRG IURP EHLQJ VXFFHVVIXO ZLWK DQ DUELWUDULO\ ODUJH
GDWDEDVH VR D VHFRQGDU\ JRDO LV WR GHWHUPLQH D UHDVRQDEOH GDWDEDVH VL]H WR EH XVHG ZLWK LFF0$;
SURࡼOHV
$V LQ VHFWLRQ  D VLPXODWLRQEDVHG DSSURDFK ZDV XVHG WR WHVW WKH YDOLGLW\ RI WKH :DORZLW
DQG$OOHQ DOJRULWKPVZLWKRXW DQ\ LPSDFW IURPHUURU LQ WKH VSHFWUDO LPDJLQJ V\VWHP RU LQ.XEHOND
0XQN WKHRU\ DQG WKH VSHFLࡼFDWLRQ RI WKH 6DXQGHUVRQ FRHࡺFLHQWV
2QFH YDOLGLW\ RI WKH DOJRULWKPV IRU ODUJHU VHW VL]HV ZLWK PDQ\ XQXVHG FRORUDQWV KDG EHHQ
YHULࡼHG SUDFWLFDO WHVWLQJ ZLWK PHDVXUHG VSHFWUDO LPDJH GDWD RI SDLQWLQJV ZDV SHUIRUPHG WR
FKHFN WKH UREXVWQHVV RI WKH DOJRULWKPV DJDLQVW HUURUV LQKHUHQW LQ WKH LPDJLQJ V\VWHP DQGPL[LQJ
PRGHO 'XH WR WKH HQRUPRXV QXPEHU RI SRVVLEOH FRPELQDWLRQV RI SDLQWV LQ WKH GDWDEDVH IURP
2NXPXUD  DOPRVW  PLOOLRQ DQG WKH JRDO RI GHWHUPLQLQJ DQ DSSURSULDWH PD[ GDWDEDVH
VL]H IRU LFF0$; D UHODWLYHO\ VPDOO VXEVHW RI SDLQW FRPELQDWLRQV ZDV WHVWHG 6HW VL]HV RI   
 DQG  FKURPDWLF SDLQWV ZHUH XVHG ZLWK  UDQGRPL]HG FRPELQDWLRQV RI SDLQWV IRU HDFK VHW
VL]H IRU  WRWDO SDLQW VHWV WHVWHG SHU LPDJH 7KH FRPELQDWLRQV ZHUH GLಀHUHQW IRU HDFK LPDJH
EHFDXVH WKH\ HDFK KDG WR LQFOXGH WKH WUXH SDLQWV XVHG LQ WKH SDLQWLQJ DQG EHFDXVH LW DOORZHG D
ODUJHU YDULHW\ RI SDLQW FRPELQDWLRQV WR EH WHVWHG
$V LQ VHFWLRQ  VSHFWUDO URRWPHDQVTXDUH HUURU EHWZHHQ WKH PHDVXUHG UHࡽHFWDQFH DQG




7KH UVWࡼ DWWHPSW DW HVWLPDWLQJ FRQFHQWUDWLRQV RI FRORUDQWV WDNHQ IURP D GDWDEDVH ZDV WR VLPSO\
H[WHQG WKH FRPELQDWRULDO PHWKRG GHVFULEHG LQ VHFWLRQ  WKDW UHSHDWHGO\ XVHG WKH :DORZLW

$OJRULWKP RQ HDFK GLಀHUHQW VXEVHW RI SDLQWV ,W TXLFNO\ EHFDPH DSSDUHQW WKDW WKLV PHWKRG ZDV
QRW SUDFWLFDO IRU ODUJHU VHW VL]HV GXH WR SURFHVVLQJ WLPH ZKLFK LQFUHDVHV H[SRQHQWLDOO\ ZLWK VHW
VL]H 7KH QXPEHU RI VXEVHWV LV GHࡼQHG E\
ǥ  ֙ ๣  
ZKHUH Ǡ LV WKH QXPEHU RI FRORUDQWV LQ WKH VHW DQG ǥ LV WKH UHVXOWLQJ QXPEHU RI VXEVHWV WR
EH WHVWHG )RU WKH :DORZLW DOJRULWKP D VLQJOH FDOFXODWLRQ WRRN DSSUR[LPDWHO\  VHFRQGV
WR FRPSOHWH RQ D 0DFERRN 3UR ZLWK D  *+] 'XDO&RUH SURFHVVRU 7KLV LQFOXGHG FRQYHUVLRQ
IURP VXUIDFH UHࡽHFWDQFH RI WKH UHIHUHQFH PL[WXUH WR LQWHUQDO UHࡽHFWDQFH WR 	 ֋֫ ඲ DQG D SVHXGR
LQYHUVH PDWUL[ PXOWLSOLFDWLRQ IRU HDFK SL[HO )RU WKH NQRZQFRORUDQW WHVWV LQ VHFWLRQ  XVLQJ
WKH VSHFWUDO LPDJH GDWDEDVH ZKLFK KDG VSDWLDO UHVROXWLRQV RI DERXW PHJDSL[HOV WKH FRPELQD
WRULDO PHWKRG WRRN DERXW PLQXWHV IRU LPDJHV ZLWK  FRORUDQWV DQG DERXW PLQXWHV IRU LPDJHV
ZLWK  FRORUDQWV 0RYLQJ WR D GDWDEDVH RI MXVW  FRORUDQWV ZRXOG LQFUHDVH WKH SURFHVVLQJ WLPH IRU
WKHVH LPDJHV WR VHYHUDO KRXUV SHU LPDJH DQG DQ\ PRUH WKDQ WKDW ZRXOG WDNH GD\V WR \HDUV




























)LJXUH  &DOFXODWHG SURFHVVLQJ WLPH RI WKH EUXWHIRUFH FRPELQDWRULDO DSSURDFK IRU GLಀHUHQW FRORUDQW GDWDEDVH
VL]HV XVLQJ D 0DFERRN 3UR ZLWK  *+] GXDOFRUH SURFHVVRU
$IWHU WKH FRPELQDWRULDO DSSURDFK ZDV IRXQG WR EH LPSUDFWLFDO IRU PRUH WKDQ  FRORUDQWV

D PLQLPXP JRDO ZDV VHW WR GHYHORS D PHWKRG WKDW FRXOG DFFXUDWHO\ HVWLPDWH FRQFHQWUDWLRQV IRU
DQ\ JLYHQ LPDJHZLWK  FRORUDQWV 7KLV QXPEHUZDV SDUWLDOO\ EDVHG RQ H[SHULHQFHZRUNLQJZLWK
DUFKLYDO DQG FRQVHUYDWLRQ RI SDLQWLQJV DQG SDUWLDOO\ DQ DWWHPSW WR VHW D UHDVRQDEOH H[SHFWDWLRQ
IRU D OLPLWHG WRROVHW LQ WKH LFF0$; IUDPHZRUN 6HOHFWLQJ  SRVVLEOH FKURPDWLF SDLQWV VHHPHG
OLNH D SODXVLEOH WDVN IRU DQ H[SHUW ZKR KDG VRPH NQRZOHGJH RI WKH DUWLVW WLPH SHULRG DQGRU
UHJLRQ DVVRFLDWHG ZLWK D SDLQWLQJ )RU LPDJHV ZLWK PXFK KLJKHU UHVROXWLRQ WKDQ WKRVH LQ WKH
VSHFWUDO LPDJH GDWDEDVH XVHG LQ WKLV SURMHFW   PHJDSL[HO D VXEVDPSOHG YHUVLRQ RI WKH KLJK
UHVROXWLRQ LPDJH FRXOG EH WHVWHG WR GHWHUPLQH WKH PRVW OLNHO\ FRORUDQWV DQG WKHQ DQ LFF0$;
SURࡼOH FRXOG EH FUHDWHG IRU WKH VPDOOHU VHW RI NQRZQ FRORUDQWV
 :DORZLW 	 $OOHQ9DULDQFH $OJRULWKP 3HUIRUPDQFH
7KH RQO\ WKHRUHWLFDO OLPLWDWLRQ RQ WKH QXPEHU RI FRORUDQWV WKH :DORZLW DOJRULWKP FDQ FRQVLGHU
LV WKH QXPEHU RI ZDYHOHQJWK LQFUHPHQWV LQ WKH VSHFWUDO GDWD 7KH QXPEHU RI FRORUDQWV PXVW
EH RQH OHVV WKDQ WKH QXPEHU RI VSHFWUDO FKDQQHOV VLQFH RQH FROXPQ LQ WKH OHDVWVTXDUHV PDWUL[
LV UHVHUYHG IRU ZKLWH SDLQW LQ WKLV LPSOHPHQWDWLRQ 6LQFH WKH FKDUDFWHUL]HG VSHFWUDO LPDJLQJ
V\VWHP RXWSXW  FKDQQHOV XS WR  RI WKH  FKURPDWLF SDLQWV LQ WKH 2NXPXUD GDWDEDVH FRXOG
EH FRQVLGHUHG DW D WLPH E\ WKH :DORZLW DOJRULWKP 7R XVH WKH RULJLQDO $OOHQ DOJRULWKP ZLWK 
FRORUDQWV  SUHGHࡼQHG &0)V ZRXOG EH UHTXLUHG ,QVWHDG WKH PRGLࡼHG $OOHQ DOJRULWKP GLV
FXVVHG LQ VHFWLRQ  JHQHUDWHV D QXPEHU RI &0)V EDVHG RQ WKH QXPEHU RI FKURPDWLF SDLQWV
VR WKHUH LV QR WKHRUHWLFDO OLPLW RQ WKH QXPEHU RI FRORUDQWV WKDW FDQ EH FRQVLGHUHG 7KH &0)V LQ
WKLV PRGLࡼHG DOJRULWKP DUH EDVHG RQ WKH YDULDQFH RI SVHXGRUHࡽHFWDQFH IRU VXEVHWV RI WKH FRO
RUDQWV ZKLFK VKRXOG HPSKDVL]H ZDYHOHQJWKV ZKHUH FRORUDQWV DUH PRVW GLಀHUHQW 7KLV UHGXFHV
WKH LPSDFW RI VLPLODU FRORUDQWV EXW ZLWK ODUJHU VHW VL]HV PDQ\ RI WKH VXEVHWV FRXOG KDYH VLPLODU
YDULDQFH UHVXOWLQJ LQ PDQ\ RI WKH &0)V KDYLQJ VLPLODU YDOXHV
7KH VDPH WHQWKRXVDQG VLPXODWHG PL[WXUHV RI  WR  FKURPDWLF SDLQWV ZLWK ZKLWH XVHG LQ














Example Variance CMFs with 6 Colorants













Example Variance CMFs with 20 Colorants
)LJXUH  &RPSDULVRQ RI YDULDQFHEDVHG &0)V IRU D VHW RI  DQG  FRORUDQWV 7RR PDQ\ FRORUDQWV FDQ FDXVH WKH
UHVXOWLQJ FRORU PDWFKLQJ YDOXH PDWUL[ WR EH QHDUVLQJXODU DQG QRQLQYHUWLEOH
VHFWLRQ  ZHUH WHVWHG EXW WKH DEVRUSWLRQ DQG VFDWWHULQJ GDWD LQSXW WR WKH DOJRULWKP ZDV IRU 
FRORUDQWV LQVWHDG RI RQO\  WR  %RWKPHWKRGV KDG QHDU]HUR HUURU IRU RYHU  RI DOO VLPXODWHG
PL[WXUHV YHULI\LQJ WKHLU DSSOLFDELOLW\ WR HVWLPDWLQJ FRQFHQWUDWLRQ IURP ODUJHU SDLQW GDWDEDVHV
ZLWK PDQ\ XQXVHG FRORUDQWV ZKHQ RXWVLGH VRXUFHV RI HUURU DUH QRW SUHVHQW
 6SHFWUDO ,PDJH 0HDVXUHPHQW 5HVXOWV
 $OOHQ9DULDQFH $OJRULWKP 3HUIRUPDQFH
,Q VHFWLRQ  WKH$OOHQ DOJRULWKPZLWK &0)V HTXDO WR WKH YDULDQFH RI FRORUDQWVȆ SVHXGRUHࡽHFWDQFH
VHH HTXDWLRQ  ZDV D VXEVWDQWLDO LPSURYHPHQW RYHU WKH FRQYHQWLRQDO $OOHQ DOJRULWKP DQG
:DORZLW DOJRULWKP IRU LPDJHV ZLWK   RU  SRVVLEOH FRORUDQWV 7KH FRQYHQWLRQDO DOJRULWKPV
VWUXJJOHG ZLWK PL[WXUHV WKDW KDG XQXVHG FRORUDQWV IURP WKH VHW ZKLFK ZHUH VSHFWUDOO\ VLPLODU
WR RQH DQRWKHU RU WR WKH WUXH FRORUDQWV EXW WKH PRGLࡼHG $OOHQ DOJRULWKP GLG QRW 7KH YDULDQFH
EDVHG &0)V WDUJHWHG WKH GLಀHUHQFHV EHWZHHQ WKH FRORUDQWV DQG LJQRUHGZDYHOHQJWKVZKHUH WKH\
ZHUH VLPLODU WR RQH DQRWKHU
+RZHYHU H[SDQGLQJ SDVW  FRORUDQWV EHJLQV WR FDXVH LVVXHV IRU WKHPRGLࡼHG$OOHQ DOJRULWKP
$V WKH VHW VL]H RI 1 FRORUDQWV LQFUHDVHV FKDQJLQJ MXVW RQH FRORUDQW EHWZHHQ VXEVHWV RI VL]H 1

KDV D VPDOOHU LPSDFW RQ WKH YDULDQFH )RU PDQ\ SL[HOV WKLV FDXVHV WKH 1[1 PDWUL[ RI FRORUDQW
FRORU PDWFKLQJ YDOXHV WR EH QHDUVLQJXODU VR LW FDQQRW EH LQYHUWHG DQG PXOWLSOLHG E\ WKH PL[
WXUHȆV FRORU PDWFKLQJ YDOXHV WR FDOFXODWH FRQFHQWUDWLRQV
$WWHPSWV ZHUH PDGH WR IXUWKHU DOWHU WKH DOJRULWKP WR JURXS VLPLODU FRORUDQWV EHIRUH FDO
FXODWLQJ YDULDQFH IRU LQVWDQFH ZLWK NPHDQV FOXVWHULQJ DQG FUHDWH PRUH YDULHW\ LQ WKH &0)V
:KLOH WKHVH ZHUH VXFFHVVIXO LQ VLPXODWLRQ WKH\ HLWKHU IDLOHG WR SUHYHQW VLQJXODU PDWULFHV IRU
PDQ\ SL[HOV RU LQFUHDVHG UHࡽHFWDQFH 506( EH\RQG DFFHSWDEOH OHYHOV
 0RGLࡼHG :DORZLW $OJRULWKP 3HUIRUPDQFH
1HJDWLYH (OLPLQDWLRQ $OJRULWKP
$ PRGLࡼFDWLRQ WR WKH :DORZLW DOJRULWKP ZKHUH FRORUDQWV ZLWK QHJDWLYH FRQFHQWUDWLRQV ZKHUH
UHPRYHG IURP WKH VHW DQGQHZFRQFHQWUDWLRQVZHUH FDOFXODWHG ZDV DOUHDG\ WHVWHG LQ VHFWLRQ 
ZLWK NQRZQ FRORUDQWV ,W SHUIRUPHG ZHOO LQ PRVW FDVHV EXW HOLPLQDWHG WKH ZURQJ FRORUDQWV IRU
PDQ\ SL[HOV LQ LPDJHV ZLWK  FRORUDQWV 7KLV HUURU RFFXUV EHFDXVH VLPLODU FRORUDQWV LQ WKH VDPH
VHW FDQ RಀVHW RQH DQRWKHU ZLWK QHJDWLYH DQG SRVLWLYH HVWLPDWHG FRQFHQWUDWLRQV EXW VRPHWLPHV
WKH FRORUDQW ZLWK D QHJDWLYH FRQFHQWUDWLRQ LV D WUXH FRORUDQW DQG WKH RQH ZLWK D SRVLWLYH FRQFHQ
WUDWLRQ LV DQ XQXVHG FRORUDQW $V WKH VHW VL]H LQFUHDVHV VR GRHV WKH QXPEHU RI VLPLODU FRORUDQWV
DQG WKH OLNHOLKRRG WKDW D WUXH FRORUDQW ZLOO EH DVVLJQHG D QHJDWLYH YDOXH E\ WKH OHDVWVTXDUHV
EHVWࡼW
0LQ0D[ (OLPLQDWLRQ $OJRULWKP
7R DFFRXQW IRU WKH SRVVLELOLW\ RI WUXH FRORUDQWV EHLQJ DVVLJQHG QHJDWLYH FRQFHQWUDWLRQV D QHZ
YHUVLRQ RI WKH DOJRULWKP ZDV FUHDWHG WKDW ZRXOG RQO\ HOLPLQDWH RQH FRORUDQW DW D WLPH ,I WKH
LQLWLDO FRQFHQWUDWLRQ HVWLPDWHV KDYH DQ\ QHJDWLYH YDOXHV WZR QHZ VXEVHWV DUH FUHDWHG RQH ZLWK

WKH ODUJHVW QHJDWLYH YDOXH UHPRYHG DQG RQH ZLWK WKH ODUJHVW SRVLWLYH YDOXH UHPRYHG (DFK VXE
VHW LV XVHG WR FDOFXODWH QHZ FRQFHQWUDWLRQV IROORZHG E\ UHFRQVWUXFWHG VSHFWUDO UHࡽHFWDQFH DQG
WKH VXEVHW ZLWK WKH VPDOOHU 506( IURP WKH UHIHUHQFH UHࡽHFWDQFH LV NHSW ,I WKDW VXEVHW VWLOO KDV
QHJDWLYH YDOXHV WKH SURFHVV LV UHSHDWHG XQWLO QR QHJDWLYH FRQFHQWUDWLRQV DUH OHIW 7KH 506( DQG
FRQFHQWUDWLRQ HVWLPDWHV IRU HDFK LWHUDWLRQ LV UHFRUGHG DQG WKH VXEVHW IURP WKH LWHUDWLRQ ZLWK
ORZHVW 506( LV XVHG HYHQ LI LW KDV QHJDWLYH YDOXHV WKDW QHHG WR EH FOLSSHG 506( LV FDOFXODWHG DW
HDFK LWHUDWLRQ DIWHU FOLSSLQJ ,W LV LPSRUWDQW WR QRWH WKDW ZKLOH WKH OHDVWVTXDUHV HTXDWLRQ GRHV
QRW GLಀHUHQWLDWH EHWZHHQ ZKLWH SDLQW DQG FKURPDWLF SDLQWV RQO\ FKURPDWLF SDLQWV DUH FRQVLG
HUHG IRU HOLPLQDWLRQ
7KLV ORRSLQJ SURFHVV KDV D PD[LPXP QXPEHU RI LWHUDWLRQV HTXDO WR WKH QXPEHU RI FRORUDQWV
LQ WKH VHW VR LW FDQ EH LPSOHPHQWHG LQ WKH LFF0$; FDOFXODWRU DV D VHULHV RI QHVWHG LI VWDWHPHQWV
7KLV PHWKRG UHGXFHV VSHFWUDO 506( IURP WKH RULJLQDO :DORZLW DOJRULWKP DQG IURP WKH 1HJ
DWLYH (OLPLQDWLRQ PHWKRG IRU DOPRVW DOO SL[HOV 7KH UHGXFWLRQ LQ 506( ZDV VXEVWDQWLDO IRU DOO VHW
VL]HV DQG IRU GDWDEDVH VL]HV RI  RU  FRORUDQWV LW LV ZLWKLQ RU YHU\ FORVH WR WKH LPDJLQJ V\VWHPȆV
506( UDQJH ,W GRHV VR ZLWK D UHDVRQDEOH SURFHVVLQJ WLPH RI DERXW  PLQXWHV SHU LPDJH PHDQ
LQJ LW PHHWV WKH JRDO VHW HDUOLHU LQ WKH SURMHFW +RZHYHU ZLWK PRUH WKDQ  FRORUDQWV WKH 506(
IRU PRVW LPDJHV LV WRR KLJK IRU WKLV PHWKRG WR EH XVHG
&RUUHODWLRQ%DVHG (OLPLQDWLRQ $OJRULWKP
7KH 0LQ0D[ (OLPLQDWLRQ PHWKRG UHOLHV RQ WKH DVVXPSWLRQ WKDW ZKHQ D ODUJH QHJDWLYH FRQFHQ
WUDWLRQ YDOXH LV SUHVHQW LW ZLOO EH DFFRPSDQLHG E\ D ODUJH SRVLWLYH FRQFHQWUDWLRQ YDOXH DQG WKH
WZR ZRXOG SULPDULO\ RಀVHW RQH DQRWKHU UDWKHU WKDQ PDNLQJ D VXEVWDQWLDO FRQWULEXWLRQ WR WKH
PL[WXUHȆV න֋֫ ඲ ,W IXUWKHU DVVXPHV WKHVH WZR FRORUDQWV ZHUH WKH ODUJHVW QHJDWLYH DQG SRVLWLYH
FRQFHQWUDWLRQV LQ WKH VHW 2I FRXUVH WKLV LV QRW DOZD\V WKH FDVH DQG WKH OLNHOLKRRG RI WKH PD[L
PXP DQGPLQLPXP FRORUDQWV QRW GLUHFWO\ RಀVHWWLQJ RQH DQRWKHU LQFUHDVHV DV WKH VHW VL]H JURZV

7KHVH DVVXPSWLRQV FDQ EH DYRLGHG E\ LQVWHDG FRQVLGHULQJ WKH FRORUDQWV WKDW DUH PRVW FRU
UHODWHG WR WKH FRORUDQW ZLWK WKH ODUJHVW QHJDWLYH FRQFHQWUDWLRQ :KHQ D QHJDWLYH FRQFHQWUDWLRQ
LV SUHVHQW WKH FRUUHODWLRQ FRHࡺFLHQWV EHWZHHQ WKH FRORUDQW ZLWK WKH ODUJHVW QHJDWLYH YDOXH DQG
DOO RWKHU FRORUDQWV DUH FDOFXODWHG 7KH FRUUHODWLRQ FRHࡺFLHQW LV FDOFXODWHG XVLQJ WKH VSHFWUDO
SVHXGRUHࡽHFWDQFH WHUP IURP WKH OHDVWVTXDUHV PDWUL[ IRU HDFK FRORUDQW HTXDWLRQ 















































New Unmixing Algorithm Results for Measured
Spectral Images with 27 Unknown Colorants
)LJXUH  (UURU UHVXOWV RI WKH 0LQ0D[ (OLPLQDWLRQ DQG &RUUHODWLRQEDVHG (OLPLQDWLRQ DOJRULWKPV ZKHQ XVLQJ D
GDWDEDVH RI  FRORUDQWV
/LNH LQ WKH 0LQ0D[ (OLPLQDWLRQ DOJRULWKP WZR VXEVHWV DUH FUHDWHG 7KH UVWࡼ VXEVHW KDV
WKH WKH PLQLPXP FRORUDQW UHPRYHG ZKLFK ZLOO EH FDOOHG &RORUDQW $ DQG WKH VHFRQG VXEVHW KDV
WKH FRORUDQW ZLWK WKH VWURQJHVW FRUUHODWLRQ WR &RORUDQW $ UHPRYHG $ WKLUG VXEVHW LV DOVR FUHDWHG
ZLWK ERWK FRORUDQWV UHPRYHG ,Q WHVWLQJ RI WKH 0LQ0D[ (OLPLQDWLRQ PHWKRG DGGLQJ WKH RSWLRQ

WR UHPRYH ERWK FRORUDQWV LQFUHDVHG WKH QXPEHU RI OHDVWVTXDUHV FDOFXODWLRQV FRQGXFWHG SHU SL[HO
ZLWKRXW LPSURYLQJ WKH 506( UHVXOW )RU WKH &RUUHODWLRQ (OLPLQDWLRQ PHWKRG LW DOVR LQFUHDVHV
WKH QXPEHU RI FDOFXODWLRQV EXW LPSURYHG WKH 506( UHVXOW VXEVWDQWLDOO\
7KH &RUUHODWLRQEDVHG (OLPLQDWLRQ PHWKRG UHGXFHG WKH 506( IRU DOO VHW VL]HV DQG LPDJHV WR
DURXQG  WR  FORVH WR WKH UDQJH RI 506( IRU WKH VSHFWUDO LPDJLQJ V\VWHP ,W XVHV WKUHH OHDVW
VTXDUHV FDOFXODWLRQV SHU LWHUDWLRQ DV RSSRVHG WR WZR FDOFXODWLRQV LQ WKH 0LQ0D[ DOJRULWKP LQ
FUHDVLQJ WKH SURFHVVLQJ WLPH RI HDFK LWHUDWLRQ E\  7KH &RUUHODWLRQEDVHG PHWKRG DOVR WHQGV
WR UHTXLUHPRUH LWHUDWLRQV WR UHDFK D QRQQHJDWLYH VROXWLRQ WKDQ WKH0LQ0D[ DOJRULWKP 7KLV UH
VXOWV LQ DERXW  PLQXWHV RI SURFHVVLQJ WLPH IRU WKH ODUJHVW GDWDEDVH VL]H RI  FRORUDQWV ZKLFK
PD\ EH DFFHSWDEOH LQ PDQ\ FDVHV FRQVLGHULQJ WKH H[WUHPHO\ DFFXUDWH UHVXOWV DQG \H[LELOLWࡽ WR
ZRUN ZLWK PDQ\ GLಀHUHQW FRORUDQW VHWV WKDW ZHUH SUREOHPDWLF IRU RWKHU OLQHDU DOJRULWKPV

&RQFHQWUDWLRQ (VWLPDWLRQ $OJRULWKP (UURU ZKHQ &RQVLGHULQJ /DUJH 3DLQW 6HWV
0HDQ 506
1XPEHU RI &KURPDWLF 3DLQWV     
:DORZLW     
:DORZLW ZLWK 1HJDWLYH (OLPLQDWLRQ     
:DORZLW ZLWK 0LQ0D[ (OLPLQDWLRQ     
:DORZLW ZLWK &RUUHODWLRQ (OLPLQDWLRQ     
WK 3HUFHQWLOH 506
1XPEHU RI &KURPDWLF 3DLQWV     
:DORZLW     
:DORZLW ZLWK 1HJDWLYH (OLPLQDWLRQ     
:DORZLW ZLWK 0LQ0D[ (OLPLQDWLRQ     
:DORZLW ZLWK &RUUHODWLRQ (OLPLQDWLRQ     
$YHUDJH 7LPH 7R 3URFHVV  0HJDSL[HO 6SHFWUDO ,PDJH PLQXWHV
1XPEHU RI &KURPDWLF 3DLQWV     
:DORZLW     
:DORZLW ZLWK 1HJDWLYH (OLPLQDWLRQ     
:DORZLW ZLWK 0LQ0D[ (OLPLQDWLRQ     
:DORZLW ZLWK &RUUHODWLRQ (OLPLQDWLRQ     
7DEOH  6SHFWUDO 506 HUURU DQG SURFHVVLQJ WLPH IRU RULJLQDO :DORZLW DOJRULWKP QHJDWLYH HOLPLQDWLRQ PLQPD[
HOLPLQDWLRQ DQG FRUUHODWLRQEDVHG HOLPLQDWLRQ PHWKRGV

ࣔ࢖࣑ࣟࡾࢦ& 
6800$5< &21&/86,216 ୠ )8785( ',5(&7,21
6LPXODWLRQV VKRZHG WKDW ERWK WKH .0EDVHG VXEWUDFWLYH XQPL[LQJ DOJRULWKPV GHYLVHG E\ $OOHQ
FRORULPHWULF DQG E\ :DORZLW VSHFWUDO OHDVWVTXDUHV ZRUNHG SHUIHFWO\ ZKHQ WKH DVVXPSWLRQV
PDGH E\ WKH .XEHOND0XQN PRGHO ZHUH KHOG WUXH ,QWURGXFLQJ UHDOZRUOG VSHFWUDO GDWD ZLWK
PHDVXUHPHQW HUURU DGGHG WR ERWK WKH PL[WXUH UHࡽHFWDQFH DQG FRORUDQW DEVRUSWLRQ DQG VFDWWHU
LQJ DORQJ ZLWK GHYLDWLRQV IURP WKH HVWLPDWHV PDGH LQ .XEHOND0XQN PRGHO FDXVHG GLࡺFXOW\
IRU WKHVH WZR DOJRULWKPV ,QFUHDVLQJ WKH QXPEHU RI SRVVLEOH FRORUDQWV EHLQJ FRQVLGHUHG IRU FRQ
FHQWUDWLRQ HVWLPDWLRQ HVSHFLDOO\ E\ DGGLQJ PXOWLSOH FRORUDQWV ZLWK VLPLODU VSHFWUDO SURSHUWLHV
FDXVHG ODUJH HQRXJK HUURUV WR PDNH WKH FRQFHQWUDWLRQ HVWLPDWHV XVHOHVV
7KH DSSHDO RI WKHVH DOJRULWKPV IRU FRORUDQW XQPL[LQJ DV RSSRVHG WRPRUH FRPSOH[PHWKRGV
WKDW LQYROYHG QRQOLQHDU RSWLPL]DWLRQ DQG PXOWLSL[HO SURFHVVLQJ LV WKDW WKH\ FRXOG Wࡼ ZLWKLQ
WKH VWULFW OLPLWDWLRQV RI DQ LFF0$; FDOFXODWRU HOHPHQW %RWK DOJRULWKPV UHO\ FRPSOHWHO\ RQ OLQ
HDU HTXDWLRQV DSSOLHG WR D VLQJOH VXEWUDFWLYH PL[WXUH &UHDWLQJ LFF0$; SURࡼOHV ZLWK WKHVH DO
JRULWKPV HPEHGGHG ZRXOG DOORZ IRU GLVWULEXWLRQ RI VSHFWUDO PHDVXUHPHQWV RI SDLQWLQJV LQ DQ
LPDJH IRUPDW DQG WKH DELOLW\ WR GR FRPSOH[ SURFHVVLQJ ZLWKRXW H[WHUQDO FRGH OLEUDULHV RU DSSOL
FDWLRQV
+RZHYHU H[SDQGLQJ SDVW VFHQDULRV ZLWK VPDOO VHWV RI NQRZQ FRORUDQWV LQ D PL[WXUH ZDV
QRW D WULYLDO WDVN 0DQ\ GLಀHUHQW DOWHUDWLRQV WR WKHVH WZR DOJRULWKPV DORQJ ZLWK VRPH HQWLUHO\
QHZ DSSURDFKHV ZHUH WHVWHG %UXWHIRUFH PHWKRGV FDSDEOH RI SURGXFLQJ DFFXUDWH UHVXOWV ZHUH
WRR VORZ IRU ODUJH FRORUDQW VHWV DQG ZRXOG KDYH WDNHQ GD\V WR \HDUV WR SURFHVV D  PHJDSL[HO

VSHFWUDO LPDJH 6HYHUDO IDVWHUPHWKRGVZRUNHGZHOO IRU D OLPLWHG JURXS RI FRORUDQWV EXW IDLOHG IRU
PRVW RWKHUV 'XH WR WKHVH GLࡺFXOWLHV D FRQVHUYDWLYH JRDO RI SURGXFLQJ DFFXUDWH FRQFHQWUDWLRQ
HVWLPDWHV IRU DQ\ JLYHQ VHW RI WHQ FRORUDQWV LQ D UHDVRQDEOH SURFHVVLQJ WLPH ZDV HVWDEOLVKHG
%\ H[DPLQLQJ WKH UHODWLRQVKLS EHWZHHQ WKH LQFRUUHFW FRQFHQWUDWLRQV SURGXFHG E\ WKH FRQ
YHQWLRQDO DOJRULWKPV DQG WKH FRUUHODWLRQ EHWZHHQ FRORUDQWV LQ WKH VHW D XVHIXO WUHQG ZDV LGHQ
WLࡼHG 2IWHQ FRORUDQWV ZLWK YHU\ ODUJH PDJQLWXGHV KDG OLWWOH DFWXDO FRQWULEXWLRQ WKH PL[WXUH
,QVWHDG D FRORUDQW ZLWK D ODUJH QHJDWLYH FRQFHQWUDWLRQ ZRXOG RಀVHW DQRWKHU ZLWK D ODUJH SRVL
WLYH FRQFHQWUDWLRQ 7ZR PRGLࡼHG YHUVLRQV RI WKH :DORZLW OHDVWVTXDUHV DOJRULWKP ZHUH FUHDWHG
WR WDNH DGYDQWDJH RI WKLV
7KH UVWࡼ PHWKRG LWHUDWLYHO\ HOLPLQDWHG WKH FRORUDQW ZLWK HLWKHU WKH PD[LPXP RU PLQLPXP
FRQFHQWUDWLRQ FKRRVLQJ WR NHHS ZKLFKHYHU FRQWULEXWHG WR D PRUH DFFXUDWH VSHFWUDO UHFRQVWUXF
WLRQ RI WKH UHIHUHQFH PL[WXUH XQWLO WKH UHPDLQLQJ FRORUDQW VHW SURGXFHG QR QHJDWLYH FRQFHQ
WUDWLRQ HVWLPDWHV 7KLV PHWKRG ZRUNHG YHU\ ZHOO ZLWK XS WR WHQ FRORUDQWV DQG RQO\ WRRN D IHZ
PLQXWHV WR SURFHVV DQ LPDJH WKXV IXOࡼOOLQJ WKH FRQVHUYDWLYH JRDO RI WKH SURMHFW
$ VHFRQG VLPLODU PHWKRG LQVWHDG PDNHV D FKRLFH EHWZHHQ HOLPLQDWLQJ WKH FRORUDQW ZLWK WKH
ODUJHVW QHJDWLYH FRQFHQWUDWLRQ RU ZKLFKHYHU FRORUDQW ZDV PRVW VSHFWUDOO\ VLPLODU WR WKH UVWࡼ RU
ERWK 7KH DGGLWLRQDO FDOFXODWLRQ SHUIRUPHG DW HDFK LWHUDWLRQ LQFUHDVHV SURFHVVLQJ WLPH E\ 
ZKLFK LV QRW WULYLDO IRU ODUJHU FRORUDQW VHWV WKDW DOUHDG\ KDYH SURFHVVLQJ WLPHV RQ WKH RUGHU RI
 PLQXWHV WR DQ KRXU EXW LPSURYHV DOJRULWKPȆV DELOLW\ WR FRQYHUJH RQ WKH FRUUHFW FRORUDQWV
VXEVWDQWLDOO\
%\ FUHDWLQJ WZRPHWKRGV WKDW ERWK Wࡼ LQWR WKH LFF0$; IUDPHZRUN ZLWK GLಀHUHQW DGYDQWDJHV
RQH IDVWHU DQG RQH FDSDEOH RI PRUH DFFXUDF\ ZLWK ODUJHU FRORUDQW VHWV WKH EHVW DSSURDFK FDQ
EH FKRVHQ GHSHQGLQJ RQ WKH VFHQDULRȆV QHHGV $ 0LQ0D[ XQPL[LQJ SURࡼOH FDQ EH XVHG ZKHQ
WKH QXPEHU RI SRVVLEOH FRORUDQWV LQ D SDLQWLQJ FDQ EH QDUURZHG GRZQ WR WHQ RU IHZHU ZKLOH WKH
&RUUHODWLRQ%DVHG XQPL[LQJ EHWWHU WVࡼ FDVHV ZLWK OHVV FHUWDLQW\ DERXW WKH FRORUDQWV EXW PRUH

WLPH IRU SURFHVVLQJ
,PSURYHPHQWV FRXOG OLNHO\ EHPDGH WR WKHVH QHZDOJRULWKPV HVSHFLDOO\ WR LPSURYH WKH VSHHG
RI WKH &RUUHODWLRQ%DVHG DSSURDFK 2WKHU XVHIXO SURFHVVLQJ PD\ DOVR Wࡼ LQWR WKH LFF0$; IUDPH
ZRUN LQFOXGLQJ WRROV WKDW EXLOG XSRQ WKH FRQFHQWUDWLRQ HVWLPDWLRQ SURࡼOHV )RU H[DPSOH D VHSD
UDWH SURࡼOH FRXOG DSSO\ D PRGHO RI FRORU FKDQJHV GXH WR XOWUDYLROHW H[SRVXUH DQG DJLQJ YDUQLVK
EDVHG RQ WKH FRQFHQWUDWLRQ GDWD SURGXFHG E\ WKH DOJRULWKP GHYHORSHG DV D SDUW RI WKLV ZRUN
$SSO\LQJ D SURࡼOH DQG VDYLQJ WKH UHVXOWLQJ FRQFHQWUDWLRQV FRXOG DOVR EH XVHG DV D IRUP RI FRP
SUHVVLRQ IRU VSHFWUDO LPDJHV RI DUWZRUN DV WKH FRQFHQWUDWLRQ LPDJH KDV IHZHU FKDQQHOV 7KDW
DSSURDFK ZRXOG KDYH VRPH VSHFWUDO DFFXUDF\ FRVW DOWKRXJK WKH DQDO\VLV FRQGXFWHG LQ WKLV ZRUN
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
)LJXUH $ 506( UHVXOWV RI PHDVXUHG UHࡽHFWDQFH YHUVXV UHFRQVWUXFWLRQ IRU LPDJH իџџџ ZLWK D SDLQW GDWDEDVH

)LJXUH $ 506( UHVXOWV RI PHDVXUHG UHࡽHFWDQFH YHUVXV UHFRQVWUXFWLRQ IRU LPDJH իџџџ ZLWK D SDLQW GDWDEDVH

)LJXUH $ 506( UHVXOWV RI PHDVXUHG UHࡽHFWDQFH YHUVXV UHFRQVWUXFWLRQ IRU LPDJH իџџџ ZLWK D SDLQW GDWDEDVH

)LJXUH $ 506( UHVXOWV RI PHDVXUHG UHࡽHFWDQFH YHUVXV UHFRQVWUXFWLRQ IRU LPDJH իџӝџ ZLWK D SDLQW GDWDEDVH

)LJXUH $ 506( UHVXOWV RI PHDVXUHG UHࡽHFWDQFH YHUVXV UHFRQVWUXFWLRQ IRU LPDJH իџӝџ ZLWK D SDLQW GDWDEDVH

)LJXUH $ 506( UHVXOWV RI PHDVXUHG UHࡽHFWDQFH YHUVXV UHFRQVWUXFWLRQ IRU LPDJH իџӝџ ZLWK D SDLQW GDWDEDVH

)LJXUH $ 506( UHVXOWV RI PHDVXUHG UHࡽHFWDQFH YHUVXV UHFRQVWUXFWLRQ IRU LPDJH իџӝӝ ZLWK D SDLQW GDWDEDVH

)LJXUH $ 506( UHVXOWV RI PHDVXUHG UHࡽHFWDQFH YHUVXV UHFRQVWUXFWLRQ IRU LPDJH իџӝӝ ZLWK D SDLQW GDWDEDVH

)LJXUH $ 506( UHVXOWV RI PHDVXUHG UHࡽHFWDQFH YHUVXV UHFRQVWUXFWLRQ IRU LPDJH իџӝӝ ZLWK D SDLQW GDWDEDVH

)LJXUH $ 506( UHVXOWV RI PHDVXUHG UHࡽHFWDQFH YHUVXV UHFRQVWUXFWLRQ IRU LPDJH իџӗџ ZLWK D SDLQW GDWDEDVH

)LJXUH $ 506( UHVXOWV RI PHDVXUHG UHࡽHFWDQFH YHUVXV UHFRQVWUXFWLRQ IRU LPDJH իџӗџ ZLWK D SDLQW GDWDEDVH

)LJXUH $ 506( UHVXOWV RI PHDVXUHG UHࡽHFWDQFH YHUVXV UHFRQVWUXFWLRQ IRU LPDJH իџӗџ ZLWK D SDLQW GDWDEDVH

)LJXUH $ 506( UHVXOWV RI PHDVXUHG UHࡽHFWDQFH YHUVXV UHFRQVWUXFWLRQ IRU LPDJH իџͳџ ZLWK D SDLQW GDWDEDVH

)LJXUH $ 506( UHVXOWV RI PHDVXUHG UHࡽHFWDQFH YHUVXV UHFRQVWUXFWLRQ IRU LPDJH իџͳџ ZLWK D SDLQW GDWDEDVH

)LJXUH $ 506( UHVXOWV RI PHDVXUHG UHࡽHFWDQFH YHUVXV UHFRQVWUXFWLRQ IRU LPDJH իџͳџ ZLWK D SDLQW GDWDEDVH

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9DUJDV : ( 	 1LNODVVRQ * $  $SSOLFDELOLW\ FRQGLWLRQV RI WKH NXEHONDȁPXQN WKHRU\
$SSO 2SW  ȁ
%HUQV 5 	0RKDPPDGL0 D 6LQJOH੿FRQVWDQW VLPSOLࡼFDWLRQ RI NXEHOND੿PXQN WXUELG੿PHGLD
WKHRU\ IRU SDLQW V\VWHPVˋD UHYLHZ &RORU 5HVHDUFK 	 $SSOLFDWLRQ  ȁ
%HUQV 5 	 0RKDPPDGL 0 E (YDOXDWLQJ VLQJOH DQG WZRFRQVWDQW NXEHONDPXQN WXUELG
PHGLD WKHRU\ IRU LQVWUXPHQWDOEDVHG LQSDLQWLQJ 6WXGLHV LQ &RQVHUYDWLRQ  ȁ
$EHG )  3LJPHQW LGHQWLࢅFDWLRQ RI SDLQWLQJV EDVHG RQ NXEHONDઠPXQN WKHRU\ DQG VSHFWUDO
LPDJHV 'RFWRUDO GLVVHUWDWLRQ
6DXQGHUVRQ - /  &DOFXODWLRQ RI WKH FRORU RI SLJPHQWHG SODVWLFV - 2SW 6RF $P 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